New examples of complete Calabi-Yau metrics on $\mathbb{C}^n$ for $n\ge
  3$ by Conlon, Ronan J. & Rochon, Frédéric
ar
X
iv
:1
70
5.
08
78
8v
2 
 [m
ath
.D
G]
  1
6 J
un
 20
17
NEW EXAMPLES OF COMPLETE CALABI-YAU METRICS ON Cn FOR n ≥ 3
RONAN J. CONLON AND FRE´DE´RIC ROCHON
Abstract. For each n ≥ 3, we construct on Cn examples of complete Calabi-Yau metrics of Euclidean
volume growth having a tangent cone at infinity with singular cross-section.
Contents
1. Introduction 1
1.1. Outline of the proof of Theorem 1.1 2
1.2. Overview 3
2. Asymptotically conical Calabi-Yau metrics via smoothing 3
3. Warped QAC-metrics on Cn 6
4. Construction of an asymptotically Calabi-Yau metric on Wǫ,k 14
5. Mapping properties of the Laplacian 17
6. Examples of Calabi-Yau warped QAC-metrics 24
7. The case k = 2 and n ≥ 4 26
Appendix A. Mapping properties of the scalar Laplacian of an incomplete edge metric 29
References 31
1. Introduction
A complete Ka¨hler manifold M is Calabi-Yau if it is Ricci-flat and has a nowhere vanishing parallel
holomorphic volume form Ω ∈ H0(M, KM ). On compact Ka¨hler manifolds, Calabi-Yau metrics are unique
in their Ka¨hler class, a statement which fails to hold true on non-compact Calabi-Yau manifolds, even modulo
scaling and diffeomorphisms, as the Taub-NUT metric and flat metric on C2 demonstrate. However, the
Taub-NUT metric has cubic volume growth whereas the flat metric has Euclidean volume growth. Thus,
the question remains as to whether one can obtain uniqueness modulo scaling and diffeomorphisms for
Calabi-Yau metrics of a fixed volume growth in each Ka¨hler class.
In this article, we are concerned with Calabi-Yau manifolds of Euclidean volume growth. In this case,
there is a tangent cone at infinity which is unique when there exists a tangent cone with a smooth cross
section [7] and which is likely to be unique in general. Examples of such manifolds that converge smoothly
to a smooth Calabi-Yau cone at infinity at a rate of O(r−ǫ) – so-called asymptotically conical Calabi-Yau
manifolds – have been constructed in [35, 36, 14, 9, 10], whereas examples with a unique singular tangent cone
at infinity can be found in [20, 5, 8]. Simplifying the above problem by considering Calabi-Yau manifolds with
Euclidean volume growth that have a unique tangent cone at infinity as in the aforementioned examples, one
may ask whether the underlying complex manifold admits another Calabi-Yau metric of Euclidean volume
growth in the same Ka¨hler class as the initial metric but with a different tangent cone at infinity.
The simplest example to consider here is Cn endowed with the flat metric. On C2, Tian showed in [33]
that every Calabi-Yau metric of Euclidean volume growth has to be flat and conjectured that the same
should hold true on Cn for all n ≥ 3. On C3, a counterexample to this conjecture was recently found by
Yang Li [23]. The purpose of this paper is to provide a counterexample to this conjecture on Cn for all n ≥ 3.
Before stating our main theorem, we introduce some preliminaries.
For n ≥ 3, let Fk be a Ka¨hler-Einstein Fano manifold, defined as the zero locus of a homogeneous
polynomial Pk in CP
n−1 of degree k for 2 ≤ k ≤ n− 1 (of which there are many examples). Then the affine
cone V0,k ⊂ Cn over Fk, defined as the zero locus of Pk considered as an equation on Cn, is a Calabi-Yau
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cone. With this, our main result takes the following form (see Theorem 6.2 and Corollary 6.3 for more
details).
Theorem 1.1. For each n ≥ 3 and for each Ka¨hler-Einstein Fano manifold Fk as above, there exists a
complete Calabi-Yau metric on Cn with Euclidean volume growth with tangent cone at infinity C× V0, k. In
particular, these metrics are not isometric to the Euclidean metric on Cn.
Remark 1.2. After our preprint was posted, Ga´bor Sze´kelyhidi posted a preprint [31] where he recovers our
results using different methods.
Since the tangent cones of the Calabi-Yau metrics in Theorem 1.1 all have singular cross-section, the
question remains as to whether Cn (or indeed, any asymptotically conical Calabi-Yau manifold) admits
another Calabi-Yau metric with Euclidean volume growth with a different tangent cone at infinity also
having a smooth cross-section.
1.1. Outline of the proof of Theorem 1.1. The general philosophy for constructing Calabi-Yau manifolds
with a prescribed tangent cone at infinity is to take an affine C∗-equivariant deformation of the cone preserving
the asymptotics at infinity followed by a Ka¨hler crepant resolution, then construct an asymptotically Calabi-
Yau metric on the resulting Ka¨hler manifold, and finally perturb this metric to a Calabi-Yau metric by
solving the complex Monge-Ampe`re equation. Here we work on a deformation of the cone C × V0, k that
yields Cn and our construction of an asymptotic Calabi-Yau metric is strongly inspired by an ansatz of
Hans-Joachim Hein and Aaron Naber in their unpublished work [17].
Let Pk(z1, . . . , zn) be a homogeneous polynomial of degree k for 2 ≤ k ≤ n− 1 such that the hypersurface
Fk :=
{
[0 : z1 : . . . : zn] ∈ CPn−1 ⊂ CPn | Pk(z1, . . . , zn) = 0
}
is smooth and admits a Ka¨hler-Einstein metric. By [32, 30, 2], we can take for instance Fk to be a Fermat
hypersurface or a smooth hypersurface sufficiently close to a Fermat hypersurface. On Cn, we consider the
singular affine variety
V0,k := {(z1, . . . , zn) ∈ Cn | Pk(z1, . . . , zn) = 0},
which by the Calabi ansatz admits a Calabi-Yau cone metric gV0,k . In terms of this Calabi-Yau cone, the
prescribed tangent cone at infinity of our examples is the Cartesian product (V0,k ×C, gV0,k × gC), where gC
is the Euclidean metric on C. We then consider the smoothing Wǫ,k of V0,k × C given by the equation
Pk(z1, . . . , zn) = ǫzn+1
for ǫ 6= 0. This smoothing, being the graph of the polynomial ǫ−1Pk(z1, . . . , zn), is biholomorphic to Cn.
Our strategy then comprises first in constructing examples of Ka¨hler metrics on Wǫ,k that are modelled on
gC × gV0,k at infinity. To do this, we compactify Wǫ,k in a suitable way by a manifold with corners Wǫ,k
having two boundary hypersurfaces H1 and H2 describing the two types of behavior of the metric at infinity.
At H2, the metric behaves like an asymptotically conical metric (AC-metric for short), whereas near H1, it
is modelled on a warped product of AC-metrics,
gC + |zn+1|
2(n−k)
k(n−1) gVǫ,k ,
where Vǫ,k is the smoothing of V0,k defined by the equation
Pk(z1, . . . , zn) = ǫ
and gVǫ,k can be chosen to be a Calabi-Yau AC-metric on Vǫ,k. Notice that if we instead consider aCartesian
product of AC-metrics, then this would correspond to a special case of the quasi-asymptotically conical
metrics (QAC-metrics for short) introduced by Degeratu and Mazzeo [12]. For this reason, we call the
metrics we consider in the present paper warped QAC-metrics. One other common point with QAC-metrics
to highlight is that a warped QAC-metric is conformal to a Qb-metric as defined in [8, Definition 1.29],
although with a different conformal factor, a useful fact that yields a simple coordinate free definition of
warped QAC-metrics; see Definition 3.6 below.
For this class of metrics, we first construct examples that are Ka¨hler with Ricci potential decaying at
infinity. To apply the work of Tian-Yau [34] and get a Calabi-Yau metric, we need however to improve
the decay of the Ricci potential at infinity. To do this, we need to derive good mapping properties of the
Laplacian for these metrics on suitable weighted Ho¨lder spaces, more precisely the same Ho¨lder spaces as in
[20, 12, 8], namely those associated to a Qb-metric, but with different weights. As in [12] for QAC-metrics,
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we do this by deriving estimates for the heat kernel and the Green’s function using the work of Grigor’yan
and Saloff-Coste [16]. With these mapping properties, we can then improve the decay of the Ricci potential
at infinity, which ultimately allows us to solve a corresponding complex Monge-Ampe`re equation and obtain
our new examples of complete Calabi-Yau metrics.
1.2. Overview. The paper is organized as follows. In § 2, we recall the results that we need concerning
Calabi-Yau AC-metrics. In § 3, we introduce the compactification of Wǫ,k by a manifold with corners, the
class of warped QAC-metrics and the various functional spaces that we require. In § 4, we construct examples
of Ka¨hler warped QAC-metrics with Ricci potential decaying at infinity. In § 5, we show that the Laplacian
of a warped QAC-metric is an isomorphism when acting on suitable weighted Ho¨lder spaces. In § 6, we use
these properties to solve a complex Monge-Ampe`re equation and obtain our new examples of Calabi-Yau
metrics on Cn for n ≥ 3. Finally, in § 7, we treat the case k = 2 and n ≥ 4 separately as it requires further
work. In particular, for this last part, we need to invoke some results about the mapping properties of the
Laplacian of an incomplete edge metric which are discussed separately in Appendix A.
Acknowledgements. Our construction of an asymptotically Calabi-Yau metric originates from an ansatz
of Hans-Joachim Hein and Aaron Naber in their unpublished work [17]. The authors wish to thank Hans-
Joachim for many helpful conversations and Ga´bor Sze´kelyhidi for helpful email exchanges. The second
author was supported by NSERC and a Canada Research Chair.
2. Asymptotically conical Calabi-Yau metrics via smoothing
Let Fk ⊂ CPn−1 ⊂ CPn be a smooth hypersurface of degree k in CPn−1 given by
(2.1) Fk = {[0 : z1 : . . . : zn] ∈ CPn−1 ⊂ CPn | Pk(z1, . . . , zn) = 0},
where Pk is a homogeneous polynomial of degree k such that
(2.2) 2 ≤ k ≤ n− 1.
Using the adjunction formula for Fk ⊂ CPn−1, we see that KFk = O(−n+ k), so that c1(Fk) > 0 and Fk is
Fano. Assume furthermore that Fk admits a Ka¨hler-Einstein metric gFk .
Example 2.1. We may take
Pk(z1, . . . , zn) =
n∑
i=1
zki ,
since then Fk is a Fermat hypersurface and we know from the work of Tian [32] if k = n− 1, n− 2, the work
of Nadel [30] if n−12 ≤ k ≤ n− 3 and by [2] for all the remaining k satisfying (2.2) that Fk admits a Ka¨hler
Einstein metric. More generally, since being Ka¨hler-Einstein is an open condition on the moduli space of
smooth hypersurfaces of degree k, it suffices to take Fk to be sufficiently close to a Fermat hypersurface.
Example 2.2. We can take a smooth hypersurface Fk of the form (2.1) with
Pk(z1, . . . , zn) =
(
ℓ−1∑
i=1
zki
)
+Qk(zℓ, . . . , zn),
where Qk is a homogeneous polynomial of degree k and ℓ ∈ N is chosen so that ℓ > n+ 1− k, since then we
know from [2, Proposition 3.1] that Fk admits a Ka¨hler Einstein metric. Again, since being Ka¨hler-Einstein
is an open condition, it suffices to take Fk sufficiently close to such a hypersurface.
Consider then the affine variety V0,k in C
n defined by
(2.3) V0,k := {(z1, . . . , zn) ∈ Cn | Pk(z1, . . . , zn) = 0}.
It is in fact quasi-projective since V0,k = V 0,k \ Fk where PV0,k is the projective variety given by the closure
of V0,k in CP
n,
(2.4) PV0,k = {[z0 : z1 : . . . : zn] ∈ CPn | Pk(z1, . . . , zn) = 0}.
Since the normal bundle NFk of Fk in PV0,k is O(1), this means that
(2.5) KFk = N
⊗(k−n)
Fk
.
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Moreover, using the natural C∗-action on V0,k, notice that there is a canonical identification
(2.6) V0,k \ {0} = N∗Fk \ {Fk}.
Using the Ka¨hler-Einstein metric gFk on Fk, we can therefore apply the Calabi ansatz as in [4, 21] to construct
a Calabi-Yau cone metric gV0,k on V0,k with Ka¨hler form given explicitly by
ωV0,k =
√−1
2
∂∂‖ · ‖
2(n−k)
n−1
N∗Fk
,
where the norm on N∗Fk , which is a (n− k)th root of KFk , is the one induced by the Ka¨hler-Einstein metric
gFk . In particular, the corresponding radial function is given by
(2.7) r := ‖ · ‖
(n−k)
n−1
N∗
Fk
=⇒ r ≍ |z|n−kn−1 on V0,k,
where |z|2 = ∑ni=1 |zi|2 and the notation f1 ≍ f2 means that there exist positive constants c and C such
that cf2 ≤ f1 ≤ Cf2. The fact that gV0,k is Calabi-Yau means more specifically that there is a constant cn−1
such that
ωn−10,k = cn−1Ω
n−1
0 ∧Ω
n−1
0 ,
where Ωn−10 is the holomorphic volume form on V0,k defined implicitly by
dz1 ∧ . . . ∧ dzn|V0,k = Ωn−10 ∧ d (Pk(z1, . . . , zn))
∣∣
V0,k
.
Now, for ǫ 6= 0, we can deform V0,k to the smooth affine hypersurface Vǫ,k ⊂ Cn defined by the equation
(2.8) Pk(z1, . . . , zn) = ǫ.
Again, Vǫ,k is a quasi-projective variety, since Vǫ,k = PVǫ,k \ Fk where
PVǫ,k := {[z0 : z1 : . . . : zn] ∈ CPn | Pk(z1, . . . , zn) = ǫzk0}.
By the adjunction formula, KPVǫ,k = O(−n− 1 + k), so that if we denote also by NFk the normal bundle of
Fk in PVǫ,k, we have that NFk = O(1) and that
−KPVǫ,k = N⊗n+1−kFk .
On PVǫ,k, there is also a natural holomorphic volume form Ω
n−1
ǫ given implicitly by
dz1 ∧ . . . ∧ dzn|Vǫ,k = Ωn−1ǫ ∧ d (Pk(z1, . . . , zn)− ǫ)
∣∣
Vǫ,k
.
This is a setting where the result of Tian-Yau [34] applies. We will use the result in a version adapted to
AC-metrics as in [20, 35, 36, 14, 9, 10].
Let Cn denote the radial compactification of Cn. Notice that this radial compactification can be obtained
from CPn by blowing up the divisor at infinity CPn−1 in the sense of Melrose [28], so that there is a blow-down
map βn : Cn → CPn. Let V ǫ,k := β−1n (PVǫ,k) be the closure of Vǫ,k in Cn. Let U be an open neighborhood
of β−1n (Fk) in Cn not intersecting the origin in C
n and set U ǫ = U ∩ V ǫ,k. Since for ǫ 6= 0, PVǫ,k and PV0,k
are tangent to order k on their intersection on Fk, we see, cf. [22, Proposition 1.3(2) and Remark 5.7], that
there exists a smooth diffeomorphism ϕǫ : U0 → Uǫ such that if Jǫ denotes the complex structure of PVǫ,k
and its lift to bTV ǫ,k, then
(2.9) ϕ∗ǫJǫ − J0 ∈ |z|−kC∞(U0; End(bT ∗U0)) ⊂ |z|−kC∞b (U0; End(bTU0)),
where U0 = U0 ∩ V0,k,bTU0 is the b-tangent bundle as introduced in [28] and C∞b (U0; End(bT ∗U0)) is the
space of smooth bounded conormal sections as defined in [11]. Similarly, we have that
(2.10) log
(
ϕ∗ǫΩ
n−1
ǫ
Ωn−10
)
∈ |z|−kC∞(U0) ⊂ |z|−kC∞b (U0).
Given a manifold with cornersM , F →M a smooth Euclidean vector bundle and E an index family associated
to the boundary hypersurfaces of M , recall from [27, 28] that AEphg(M ;F ) denotes the space of bounded
smooth sections of F on M \ ∂M that admit a polyhomogeneous expansion at each boundary hypersurface
with respect to the index family E . In this paper, we will mostly be concerned with such sections that
are bounded, regardless of which index family E describes the polyhomogeneous expansion. Thus, we will
denote by Aphg(M ;E) the space of bounded smooth sections on M \ ∂M that admit a polyhomogeneous
COMPLETE CALABI-YAU METRICS ON Cn 5
expansion at each boundary hypersurface with respect to some index family. In particular, we have that
C∞(M ;E) ⊂ Aphg(M ;E).
Remark 2.3. Since we are using the b-tangent bundle instead of the scattering tangent bundle of [29] given
formally by scTU0 = 1r bTU0, we have that
ϕ∗ǫΩ
n−1
ǫ ,Ω
n−1
0 ∈ |z|n−kC∞(U0; Λn−1C
(
bT ∗U0 ⊗ C
)
) = rn−1C∞(U0; Λn−1C
(
bT ∗U0 ⊗ C
)
).
Similarly,
gV0,k ∈ r2C∞b (U0;S2(bT ∗U0)).
Theorem 2.4. For 2 ≤ k ≤ n − 1, the affine variety Vǫ,k admits a complete Calabi-Yau metric gVǫ,k with
Ka¨hler form ωVǫ,k =
√−1
2 ∂∂vǫ such that
(2.11)
ϕ∗ǫvǫ − r2 ∈ |z|(−µ+2)
(n−k)
n−1 Aphg(U0) ⊂ |z|(−µ+2)
(n−k)
n−1 C∞b (U0),
ϕ∗ǫgVǫ,k − gV0,k ∈ |z|(−µ+2)
n−k
n−1Aphg(U0; bT ∗U0 ⊗ bT ∗U0) ⊂ |z|(−µ+2)
n−k
n−1 C∞b (U0; bT ∗U0 ⊗ bT ∗U0),
ωn−1ǫ,k = cn−1Ω
n−1
ǫ ∧Ω
n−1
ǫ ,
where
(2.12) µ =

k n−1
n−k if k <
2n
3 ,
2n− 2 if k > 2n3 ,
2n− 2− δ if k = 2n3
and δ > 0 can be taken arbitrarily small.
Proof. Recall the definition of the radial function r in (2.7). Clearly, restricting the Euclidean metric on Cn
to Vǫ,k and using a standard convexity argument as in for instance [8, Lemma 4.1] or the proof of Corollary 4.4
below, there exists a potential v ∈ C∞(V0,k) such that ϕ∗ǫv = r2 outside some compact set and
√−1
2 ∂∂v is
the Ka¨hler form of an AC-metric on Vǫ,k. Thanks to (2.9) and (2.10), the Ricci potential
rv := log
(
(
√−1
2 ∂∂v)
n−1
cn−1Ωn−1ǫ ∧ Ωn−1ǫ
)
is in |z|−kC∞b (Vǫ,k) = r−k
n−1
n−k C∞b (Vǫ,k). Hence, by [9, Theorem 2.1], the complex Monge-Ampe`re equation
log
(
(
√−1
2 ∂∂v +
√−1
2 ∂∂w)
n−1
cn−1Ωn−1ǫ ∧ Ωn−1ǫ
)
= −rv
has a unique solution
(2.13) w ∈ r−µ+2C∞b (Vǫ,k).
Hence, it suffices to take vǫ = v + w. Notice moreover that we know from [11, § 5] that vǫ admits a
polyhomogeneous expansion.

Remark 2.5. The equation (2.4) shows that the metric gVǫ,k is asymptotic to the cone metric gV0,k with rate
r−µ, so that it is an AC-metric with tangent cone V0,k, cf. [9, Definition 1.11].
Remark 2.6. When k = 2n3 , thanks to [11, § 5], we can be more specific and say that
ϕ∗ǫvǫ − r2 − f |z|(4−2n)
(n−k)
n−1 log |z| ∈ |z|(4−2n) (n−k)n−1 Aphg(U0)
for some function f ∈ C∞(U0). That is, the δ > 0 in (2.12) is due to the possible presence of a logarithmic
term in the polyhomogeneous expansion of ϕ∗ǫvǫ − r2.
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3. Warped QAC-metrics on Cn
On Cn+1, consider the singular affine hypersurface W0,k of degree k defined by
(3.1) W0,k := {(z1, . . . , zn, zn+1) ∈ Cn+1 | Pk(z1, . . . , zn) = 0},
where Pk is the homogeneous polynomial of § 2. Since the defining equation of W0,k does not involve
the variable zn+1, W0,k is canonically isomorphic to the Cartesian product V0,k × C. Hence, under this
identification, we can consider the product metric
(3.2) gW0,k := gV0,k + gC,
where gC is the canonical Euclidean metric on C. Obviously gW0,k and W0,k are singular at z = 0, where
z = (z1, . . . , zn) involves only the first n variables. Otherwise, away from z = 0, gW0,k is a Cartesian product
of AC-metrics, and as such, is an example of a QAC-metric; see [12, §2.3.5] or [8, Example 1.22].
To remove the singularities, we can consider, for ǫ 6= 0, the smooth deformation Wǫ,k defined by
(3.3) Wǫ,k := {(z1, . . . , zn+1) ∈ Cn+1 | Pk(z1, . . . , zn) = ǫzn+1}.
Clearly, this affine hypersurface is biholomorphic to the graph of the holomorphic function
f : Cn → C
z 7→ ǫ−1Pk(z1, . . . , zn),
which is itself biholomorphic to Cn. Obviously then, a natural Calabi-Yau metric to consider on Wǫ,k is the
Euclidean metric coming from the identification Wǫ,k ∼= Cn. However, using the fact that Wǫ,k is close to
W0,k for ǫ small suggests that on Wǫ,k, there might be as well a Calabi-Yau metric on Wǫ,k which at infinity
behaves more like gW0,k .
To make this statement rigorous, recall first that the radial function r of gV0,k behaves like |z|
n−k
n−1 at
infinity, while the radial function on gC is |zn+1|. Thus, with respect to the metric gW0,k , this means that
the natural compactification of Cn+1 we should consider is not the usual radial compactification, but instead
the weighted radial compactification Cn+1a associated to the weighted C∗-action
(3.4) λ · (z1, . . . , zn, zn+1) = (λn−1z1, . . . , λn−1zn, λn−kzn+1)
corresponding to the weight a := (n − 1, . . . , n − 1, n − k) ∈ Nn+1. To give the precise definition of the
manifold with boundary Cn+1a , we first need to consider the weighted sphere
(3.5) S2n+1a :=
{
(z1, . . . , zn, zn+1) ∈ Cn+1 |
(
n∑
i=1
|zi|2(n−k)
)
+ |zn+1|2(n−1) = 1
}
.
Then Cn+1a is obtained by gluing S2n+1a × [0,∞) and Cn+1 via the map
(3.6)
ν : S2n+1a × (0,∞) → Cn+1
(ω, ξ) 7→
(
ω1
ξn−1 , . . . ,
ωn
ξn−1 ,
ωn+1
ξn−k
)
,
which extends to give a tubular neighborhood ν : S2n+1a × [0,∞) → Cn+1a of ∂Cn+1a = S2n+1a in Cn+1a . In
terms of the coordinates (ω, ξ) induced by this tubular neighborhood, we see that the defining equation of
Wǫ,k takes the form
(3.7) Pk(ω1, . . . , ωn) = ǫωn+1ξ
n(k−1), (ω1, . . . , ωn+1) ∈ S2n+1a ∈ Cn+1.
Hence, the closure W ǫ,k of Wǫ,k in C
n+1
a is obtained by considering the case ξ = 0 in (3.7), so that the
defining equation of
(3.8) ∂W ǫ,k :=W ǫ,k ∩ ∂Cn+1a
is the zero locus of the equation
(3.9) Pk(ω1, . . . , ωn) = 0 in S
2n+1
a .
In particular, ∂W ǫ,k = ∂W 0,k is independent of ǫ and is singular on the circle defined by the equation
|ωn+1| = 1 on S2n+1a .
Before discussing further this singularity, let us describe another natural compactification which behaves
better with respect to the complex structure. Notice first that the weighted C∗-action (3.4) restricts to a
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weighted S1-action on S2n+1a . This action is not faithful in general. If we denote by ℓ the greatest common
divisor of n− 1 and n− k, then the subgroup Zℓ ⊂ S1 acts trivially on S2n+1a . Thus, we have a well-defined
S1/Zℓ-action which is itself faithful. The quotient of S
2n+1
a by this action is in fact the weighted projective
space CPna associated to the weighted C
∗-action (3.4). It is a complex orbifold and the quotient map
(3.10) S1/Zℓ // S
2n+1
a
q

CPna
induces the structure of an S1/Zℓ-orbibundle overCP
n
a . At the level of sets, the other natural compactification
we want to consider is to add CPna at infinity instead of S
2n+1
a . In complex geometric terms, what we want
to consider is a weighted projective compactification compatible with the C∗-action (3.4). More precisely,
the compactification will be the weighted projective space CPn+1(1,a) with weight
(1, a) = (1, n− 1, . . . , n− 1, n− k) ∈ Nn+2.
Recall for instance from [20] that this means that CPn+1(1,a) is the quotient of C
n+2 \ {0} with respect to the
C∗-action
(3.11) λ · (z0, z1, . . . , zn, zn+1) = (λz0, λn−1z1, . . . , λn−1zn, λn−kzn+1),
and that, as for the usual projective space, we denote by [z0 : z1 : . . . : zn : zn+1] the point of CP
n+1
(1,a)
corresponding to the orbit of (z0, . . . , zn+1) ∈ Cn+2 \ {0}. Notice that Cn+1 is naturally included in CPn+1(1,a)
via the map
C
n+1 ∋ (z1, . . . , zn+1) 7→ [1 : z1 : . . . : zn+1] ∈ CPn+1(1,a).
Similarly, CPna is naturally included in CP
n+1
(1,a) via the map
CP
n
a ∋ [z1 : . . . : zn+1] 7→ [0 : z1 : . . . : zn+1] ∈ CPn+1(1,a).
Clearly, the singularities of CPn+1(1,a) all lie on this CP
n
a which we can think of as located at infinity. If ℓ = 1,
that is, if n− 1 and n− k are coprime, the orbifold singularities of CPn+1(1,a) are given by
(3.12) {[0 : z1 : . . . : zn : 0] ∈ CPn+1(1,a) | (z1, . . . , zn) ∈ Cn \ {0}},
as well as the point [0 : . . . : 0 : 1] ∈ CPn+1(1,a) if n− k > 1. If instead ℓ > 1, then CPna itself is singular within
CP
n+1
(1,a) with singularity locally modelled on
C
n × (C/Zℓ) with Zℓ-action induced by multiplication,
except near (3.12), where it is modelled on
C
n−1 × (C2/Zn−1) with action generated by e 2πin−1 · (z0, zn+1) = (e 2πin−1 z0, e
2πi(n−k)
n−1 zn+1),
and near the point [0 : . . . : 0 : 1], where it is modelled on
C
n+1/Zn−k with action generated by e
2πi
n−k · (z0, . . . , zn) = (e 2πin−k z0, e
2πi(n−1)
n−k z1, . . . , e
2πi(n−1)
n−k zn).
Clearly, there is a natural map
β : Cn+1a → CPn+1(1,a)
which restricts to the identity on Cn+1 and is given by β(ω, ξ) = [ ω1
ξn−1 : . . . :
ωn
ξn−1 :
ωn+1
ξn−k ] in the coordinates
(ω, ξ) of (3.6). In particular, β|
∂C
n+1
a
is just the quotient map (3.10), so forgetting about the orbifold
singularities of CPna and CP
n+1
(1,a), we can think of β as a blow-down map with C
n+1
a obtained from CP
n+1
(1,a)
by ‘blowing up CPna in the sense of Melrose’ [28].
In CPn+1(1,a), the closure PWǫ,k of Wǫ,k is defined by the equation
Pk(z1, . . . , zn) = ǫzn+1z
n(k−1)
0 for [z0 : · · · : zn+1] ∈ CPn+1(1,a).
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Notice in particular that
PWǫ,k ∩CPna = {[0 : z1 : . . . : zn+1] ∈ CPna | Pk(z1, . . . , zn) = 0}
is independent of ǫ and is singular at the point [0 : . . . : 0 : 1].
Let S1 ⊂ ∂Cn+1a be the circle along which W ǫ,k is singular. To resolve this singularity, we need to blow
up S1 in C
n+1
a , but making a different choice of boundary defining function. More precisely, let X be the
manifold with boundary which is Cn+1a as a topological space, but with space of smooth functions those of
C
n+1
a having a Taylor expansion at ∂X involving only integer powers of x := ξ
n(k−1)
k instead of ξ. With this
understood, we then consider the space X˜ := [X;S1] obtained by blowing up S1 in the sense of Melrose [28]
with blow-down map
(3.13) β˜ : X˜ → X.
Let H1 := β˜
−1(S1) and H2 := β˜−1(∂X \ S1) be the corresponding boundary hypersurfaces. Using the local
coordinates (v1, . . . , vn, θ, x) near S1 in X given by
vi = ξ
n−1zi, zn+1 =
eiθ
ξn−k
,
we see that the equation defining W ǫ,k in X is given by
(3.14) Pk(v1, . . . , vn) = ǫe
iθξn(k−1) = ǫeiθxk.
On the other hand, S1 is given by the equation v1 = . . . = vn = x = 0, hence the blow-up of S1 corresponds
to introducing the coordinates (ω1, . . . , ωn, ωn+1) ∈ S2n ⊂ Cn × R and r ∈ [0,∞) such that
vi = rωi, x = rωn+1.
In these coordinates, the closure W˜ǫ,k of Wǫ,k in X˜ is given by
Pk(ω1, . . . , ωn) = ǫe
iθωkn+1.
When we restrict this equation to the new boundary hypersurface H1, that is, when we restrict to r = 0, we
obtain exactly the same equation. In particular, for ǫ 6= 0, the restriction of W˜ǫ,k to H1 is smooth.
Alternatively, we can introduce adapted holomorphic coordinates near S1. Namely, fix θ0 ∈ R and restrict
to a region of the form
(3.15) Rθ0 = {(z1, . . . , zn+1) ∈ Cn+1 | zn+1 6= 0, θ0 < arg zn+1 < θ0 + 2π},
so that log zn+1 and z
1
k
n+1 can be defined holomorphically in that region. On Rθ0 , one can then consider the
holomorphic coordinates ζ1, . . . , ζn, zn+1 defined by
(3.16) ζi :=
zi
z
1
k
n+1
, zn+1.
Setting ζ = (ζ1, . . . , ζn), notice that x˜2 := 〈ζ〉−1 can be taken to be a boundary defining function of H2 in
X˜, where 〈ζ〉 :=√1 + |ζ|2, so that if x˜ := β˜∗x, then x˜1 := 〈ζ〉x˜ is a boundary defining function of H1.
In terms of these coordinates, W˜ǫ,k is defined more simply by the equation
(3.17) Pk(ζ1, . . . , ζn) = ǫ
and does not degenerate when |zn+1| → ∞. Along the branch locus arg zn+1 = θ0, we can identify the hyper-
surface defined by (3.17) when arg zn+1 ց θ0 with the one when arg zn+1 ր θ0 + 2π via the automorphism
of (3.17) given by
(3.18) ζi 7→ e
2π
√−1
k ζi.
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For zn+1 6= 0, we can then regard Wǫ,k as a holomorphic family of hypersurfaces of degree k over C \ {0} all
isomorphic to (3.17). In particular, this gives H1 ∩ W˜ǫ,k the natural structure of a fibre bundle
(3.19) V ǫ,k // H1 ∩ W˜ǫ,k
φ1

S1.
On the other hand, the Ka¨hler form of the metric gW0,k is given by
(3.20) ωW0,k =
√−1
2
∂∂u0,k with u0,k = |zn+1|2 + ‖z‖
2(n−k)
n−1
N∗
Fk
, z = (z1, . . . , zn).
Since the metric is singular when z = 0, this metric is problematic near H1. On the other hand, near H2,
but away from H1, notice that it is in fact a conical metric with radial function given by
R =
√
|zn+1|2 + ‖z‖
2(n−k)
n−1
N∗Fk
≍ 1
ξn−k
,
so in particular it behaves like an AC-metric near H2.
Now, by the homogeneity of the norm ‖ · ‖N∗
Fk
, in the coordinates (ζ1, . . . , ζn, zn+1), the potential u0,k is
given by
(3.21) u0,k = |zn+1|2 + |zn+1|
2(n−k)
k(n−1) ‖ζ‖
2(n−k)
n−1
N∗Fk
, ζ := (ζ1, . . . , ζn).
To construct a corresponding metric on Wǫ,k for ǫ 6= 0, this suggests to consider instead the potential
(3.22) uǫ,k := |zn+1|2 + |zn+1|
2(n−k)
k(n−1)φǫ,k(ζ),
where φǫ,k is the potential v + w given in Theorem 2.4 so that
√−1
2 ∂∂φǫ,k(ζ) is the Ka¨hler form of the
Calabi-Yau AC-metric gVǫ,k on the affine hypersurface defined by (3.17). By the uniqueness of the potential
φǫ,k, notice that the automorphism (3.18) is in fact an isometry of the Calabi-Yau AC-metric gVǫ,k .
Remark 3.1. Hence, the AC-metric gVǫ,k unambiguously defines a family of fibrewise AC-metrics in the
fibre bundle (3.19).
Before studying the potential (3.22) in more detail, we need to introduce the class of metrics we wish to
study. We first need to recall the notion of Qb-metrics introduced in [8]. To do this, we need to first change
the smooth structure on X˜, so let X be the manifold with corners which is X˜ as a topological space, but with
algebra of smooth functions given by the smooth functions on the interior of X˜ admitting Taylor expansions
at H1 and H2 in integer powers of x1 := x˜
n−k
n−1
1 and x2 := x˜
n−k
n−1
2 . We denote by H1 and H2 the boundary
hypersurfaces of X and by x := x˜n−kn−1 = x1x2 the total boundary defining function. Notice that Hi is the
same as Hi as a topological space but has a different algebra of smooth functions. We denote by Wǫ,k the
closure of Wǫ,k in X . Recall from [27] that
Vb(Wǫ) := {ξ ∈ C∞(Wǫ,k;TWǫ,k) | ξxi ∈ xiC∞(Wǫ,k) ∀i}
is the Lie algebra of b-vector fields on Wǫ,k.
Definition 3.2 ([8]). The Lie algebra of Qb-vector fields on Wǫ,k is given by the vector fields ξ ∈
Vb(Wǫ,k) such that
• ξ|H1∩Wǫ,k is tangent to the fibres of φ1 : H1 ∩Wǫ,k → S1 induced by (3.19);
• ξ(x) ∈ x21x2C∞(Wǫ,k).
Remark 3.3. This definition depends in general on the choice of total boundary defining function x. As
shown in [8, Lemma 1.16], another choice of total boundary defining function x′ will induce the same Lie
algebra if and only if x
x′ is constant along the fibres of φ1 : H1 ∩Wǫ,k → S1.
10 RONAN J. CONLON AND FRE´DE´RIC ROCHON
NearH1∩H2, using the coordinates x1, x2, θ, y1, . . . , y2n−3 with θ the coordinate on S1 and y = (y1, . . . , y2n−3)
coordinates on ∂V ǫ,k, we see that the Lie algebra VQb(Wǫ,k) is locally spanned over C∞(Wǫ,k) by
(3.23) x21
∂
∂x1
, x2
∂
∂x2
− x1 ∂
∂x1
, x1
∂
∂θ
,
∂
∂y1
, . . . ,
∂
∂y2n−3
.
Near H2 but away from H1, it is the same as the Lie algebra of b-vector fields, whereas near H1 but away
from H2, it is the same as the Lie algebra of φ1-vector fields of Mazzeo-Melrose [25]. Thus, globally onWǫ,k,
VQb(Wǫ,k) corresponds to the sections of a locally free C∞(X )-module of rank 2n− 2. This means that there
exists a natural smooth vector bundle QbTWǫ,k →Wǫ,k, called the Qb-tangent bundle, such that there is
a canonical identification
(3.24) VQb(Wǫ,k) = C∞(Wǫ,k;QbTWǫ,k).
In fact, the bundle QbTWǫ,k is naturally a Lie algebroid with anchor map ιQb : QbTWǫ,k → TWǫ,k inducing,
via the identification (3.24), the natural inclusion
VQb(Wǫ,k) ⊂ C∞(Wǫ,k;TWǫ,k).
We denote by QbT ∗Wǫ,k the dual of QbTWǫ,k and call it the Qb-cotangent bundle ofWǫ,k. Near H1 ∩H2,
notice that QbT ∗Wǫ,k is locally spanned by
(3.25)
dx
x21x2
,
dθ
x1
,
dx2
x2
, dy1, . . . , dy2n−3.
Definition 3.4 ([8]). A Qb-metric is a choice of Euclidean metric gQb for the vector bundle
QbTWǫ,k.
A smooth Qb-metric on Wǫ,k is a Riemannian metric on Wǫ,k induced by some Qb-metric via the map
ιQb :
QbTWǫ,k → TWǫ,k. We say instead that a Riemannian metric g on Wǫ,k is a polyhomogeneous
Qb-metric if it is induced by a Euclidean metric gQb of
QbTWǫ,k which is polyhomogeneous as a section
of S2(QbT ∗Wǫ,k). Finally, a Qb-metric on Wǫ,k is a Riemannian metric g on Wǫ,k such that g is quasi-
isometric to some smooth Qb-metric gQb and if all its covariant derivatives are bounded with respect to gQb.
Lemma 3.5 (Proposition 1.30 in [8]). Any Qb-metric on Wǫ,k is a complete metric of infinite volume with
bounded geometry.
We can now define the class of metrics that will be the subject of interest in this paper.
Definition 3.6. On Wǫ,k, a warped QAC-metric is a Riemannian metric gw of the form
(3.26) gw =
gQb
χ2
for some Qb-metric gQb, where
(3.27) χ :=
x
k(n−1)
n(k−1)
x1
= x
n−k
n(k−1) x2 = x
n−k
n(k−1)
1 x
k(n−1)
n(k−1)
2 .
We say that gw is smooth or polyhomogeneous if gQb is smooth or polyhomogeneous.
Proposition 3.7. Any warped QAC-metric on Wǫ,k is complete of infinite volume with bounded geometry.
Proof. Since χ is a bounded positive function, we see from Lemma 3.5 that any warped QAC-metric is
complete of infinite volume with positive injectivity radius. From the local basis (3.23), we see also that in
terms of any Qb-metric, the covariant derivatives of χ are bounded. Hence, by Lemma 3.5, the curvature of
any warped QAC-metric is bounded, as well as all its covariant derivatives. 
As for Qb-metrics, we can naturally associate to a warped QAC-metric a Lie algebra of warped QAC-vector
fields, namely
Vw(Wǫ,k) := χVQb(Wǫ,k).
Since χ is not smooth up to the boundary of Wǫ,k, it is not a subalgebra of C∞(Wǫ,k;TWǫ,k), but it
is nevertheless a C∞(Wǫ,k)-module. In fact, there is a natural vector bundle over Wǫ,k that we call the
warped QAC-tangent bundle and denote by wTWǫ,k, such that there is a canonical identification
C∞(Wǫ,k;wTWǫ,k) = Vw(Wǫ,k).
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Its dual wT ∗Wǫ,k is the warped QAC-cotangent bundle. From (3.25), we see that near H1 ∩H2, a basis
of local sections of wT ∗Wǫ,k is given by
(3.28)
dx
x21x2χ
=
dx
x
k(n−1)
n(k−1)+1
,
dθ
x1χ
=
dθ
x
k(n−1)
n(k−1)
,
dx2
x2χ
=
dx2
x22x
n−k
n(k−1)
,
dy1
χ
=
dy1
x2x
n−k
n(k−1)
, . . . ,
dy2n−3
χ
=
dy2n−3
x2x
n−k
n(k−1)
.
Hence, in these coordinates, we see that an example of a warped QAC-metric is given by
(3.29) gw =
dx2
x2
k(n−1)
n(k−1)+2
+
dθ2
x2
k(n−1)
n(k−1)
+
dx22
x42x
2 n−k
n(k−1)
+
2n−3∑
i=1
dy2i
x22x
2 n−k
n(k−1)
.
Making the change of variables x = r−
n(k−1)
k(n−1) , notice that this can be written more simply as
(3.30) gw = c
2dr2 + r2dθ2 + r
2(n−k)
k(n−1)
(
dx22
x42
+
2n−3∑
i=1
dy2i
x22
)
with c :=
n(k − 1)
k(n− 1) .
In this form, gw is a warped product of AC-metrics. This differs from the model for QAC-metrics, which in
this lower depth setting would be a Cartesian product of AC-metrics, namely
(3.31) gQAC = dr
2 + r2dθ2 +
(
dx22
x42
+
2n−3∑
i=1
dy2i
x22
)
;
see [12, § 2.3.5] and [8, Example 1.22 and (1.9)].
There are various functional spaces one can associated to a Qb-metric or a warped QAC-metric. To
describe them, recall that given a complete Riemannian manifold (M, g) and a Euclidean vector bundle
E →M with a connection ∇ compatible with the Euclidean structure, one can for each ℓ ∈ N0 associate the
space Cℓg(M ;E) comprising continuous sections σ :M → E such that
(3.32) ∇jσ ∈ C0(M ;T 0jM ⊗ E), and sup
p∈M
|∇jσ|g <∞, ∀j ∈ {0, . . . , ℓ},
where ∇ denotes the covariant derivative induced by the Levi-Civita connection of g and the connection on
E, | · |g is the norm induced by g and the Euclidean structure on E and T 0jM = T ∗M⊗j . This is in fact a
Banach space with norm
(3.33) ‖σ‖g,ℓ :=
ℓ∑
j=0
sup
p∈M
|∇jσ(p)|g.
Taking the intersection over all ℓ yields the Fre´chet space
(3.34) C∞g (M ;E) :=
⋂
ℓ∈N0
Cℓg(M ;E).
For α ∈ (0, 1] and ℓ ∈ N0, we can also consider the Ho¨lder space Cℓ,αg (M ;E) of sections σ ∈ Cℓg(M ;E) such
that
[∇ℓσ]g,α := sup
{ |Pγ(∇ℓσ(γ(0)))−∇ℓσ(γ(1))|
ℓ(γ)α
| γ ∈ C∞([0, 1];M), γ(0) 6= γ(1)
}
<∞,
where Pγ : T
0
ℓM ⊗ E
∣∣
γ(0)
→ T 0ℓM ⊗ E
∣∣
γ(1)
is the parallel transport along γ and ℓ(γ) is the length of γ with
respect to g. This is also a Banach space with norm given by
(3.35) ‖σ‖g,ℓ,α := ‖σ‖g,ℓ + [∇ℓσ]g,α.
For µ ∈ C∞(M) a positive function, we can also consider the weighted version
µCℓ,αg (M ;E) :=
{
σ | σ
µ
∈ Cℓ,αg (M ;E)
}
with norm ‖σ‖
µCℓ,αg :=
∥∥∥∥σµ
∥∥∥∥
g,ℓ,α
.
Similarly, we can consider the space L2g(M ;E) of measurable sections σ such that
‖σ‖2L2g :=
∫
M
|σ|2gdg <∞,
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where dg is the volume density of g, and for ℓ ∈ N the Sobolev space Hℓg(M ;E) of sections σ ∈ L2g(M ;E)
such that ∇jσ ∈ L2g(M ;T 0jM ⊗ E) for j ∈ {0, . . . , ℓ}.
By choosing M = Wǫ,k and g = gQb to be a Qb-metric, we obtain in this way the Qb-Ho¨lder space
Cℓ,αQb (Wǫ,k;E) as well as the space CℓQb(Wǫ,k). Similarly, by choosing g = gw to be a warped QAC-metric,
we can define the warped QAC-Ho¨lder space Cℓ,αw (Wǫ,k;E). There is an obvious continuous inclusion
Cℓ,αQb (Wǫ,k) ⊂ Cℓ,αw (Wǫ,k;E). Conversely, cf. [8, Lemma 1.31], the following partial counterpart will be
useful to solve the complex Monge-Ampe`re equation in § 6.
Lemma 3.8. For 0 < δ < 1, there is a continuous inclusion χδC0,1w (Wǫ,k;E) ⊂ C0,αQb (Wǫ,k;E) for α ≤ δ.
Proof. Let gQb be a choice of Qb-metric and let gw :=
gQb
χ2
be the corresponding warped QAC-metric. Notice
first from (3.23) and (3.25) that
(3.36) dχ ∈ χAphg(Wǫ,k;QbT ∗Wǫ) ⊂ χC∞Qb(Wǫ,k;QbTWǫ,k).
In particular, we have that
(3.37) d logχ =
dχ
χ
∈ C∞Qb(Wǫ,k;QbT ∗Wǫ,k)
and that
(3.38) dχ−δ =
−δdχ
χ1+δ
∈ χ−δC∞Qb(Wǫ,k;QbT ∗Wǫ,k).
Now, given any path γ ∈ C∞([0, 1];Wǫ,k) with γ(0) 6= γ(1), let ℓQb(γ) and ℓw(γ) be the length of γ with
respect to the metrics gQb and gw. Denoting by dγQb the measure on [0, 1] induced by γ and the metric gQb,
we see using (3.38) and the Ho¨lder inequality with p = 1
δ
and q = 11−δ that
(3.39)
∣∣∣∣ 1χ(γ(0))δ − 1χ(γ(1))δ
∣∣∣∣ ≤ δ ∫ 1
0
|dχ(γ(t))|gQb
χ(γ(t))1+δ
dγQb ≤ Kδ
∫
dγQb
χ(γ(t))δ
≤ Kδ
(∫ 1
0
dγQb
χ(γ(t))
)δ (∫ 1
0
dγQb
)1−δ
= Kδℓw(γ)
δℓQb(γ)
1−δ,
where K := ‖d logχ‖gQb,0.
On the other hand, given σ ∈ χδC0,1w (Wǫ,k;E), consider the positive constant C :=
∥∥χ−δσ∥∥
gw ,0,1
. Then
we have that
(3.40)
2Cmin {ℓw(γ), 1} ≥
∣∣∣∣Pγ(σ(γ(0)))χ(γ(0))δ − σ(γ(1))χ(γ(1))δ
∣∣∣∣
=
∣∣∣∣Pγ(σ(γ(0)))χ(γ(0))δ − σ(γ(1))χ(γ(0))δ + σ(γ(1))χ(γ(0))δ − σ(γ(1))χ(γ(1))δ
∣∣∣∣
≥ |Pγ(σ(0)) − σ(γ(1))|
χ(γ(0))δ
− ‖σ‖gw,0
∣∣χ(γ(0))−δ − χ(γ(1))−δ∣∣
≥ |Pγ(σ(0)) − σ(γ(1))|
χ(γ(0))δ
− CKδℓw(γ)δℓQb(γ)1−δ,
where we have used (3.39) in the last step, as well as the inequality ‖σ‖gw,0 ≤ C assuming without loss of
generality that χ ≤ 1. In other words, we see that (3.40) gives the estimate
(3.41) |Pγ(σ(0)) − σ(γ(1))| ≤ 2Cχ(γ(0))δ min {ℓw(γ), 1}+ CKδχ(γ(0))δℓw(γ)δℓQb(γ)1−δ.
Hence, if ℓQb(γ) < 1, let tmin ∈ [0, 1] be a point where χ ◦ γ ∈ C∞([0, 1]) attains its minimum, so that by
(3.37), ∣∣∣∣log(χ(γ(tmin))χ(γ(0))
)∣∣∣∣ ≤ KℓQb(γ) ≤ K =⇒ χ(γ(0))χ(γ(tmin)) ≤ eK ,
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where K is as in (3.39). In this case, since α ≤ δ, we see that (3.41) gives
(3.42)
|Pγ(σ(0)) − σ(γ(1))|
ℓQb(γ)α
≤ 2Cχ(γ(0))
δ min {ℓw(γ), 1}
ℓQb(γ)α
+
CKδχ(γ(0))δℓw(γ)
δℓQb(γ)
1−δ
ℓQb(γ)α
≤ 2Cχ(γ(0))
δ min {ℓw(γ), 1}
χ(γ(tmin))αℓw(γ)α
+
CKδχ(γ(0))δℓw(γ)
δℓQb(γ)
1−α
χ(γ(tmin))δℓw(γ)δ
≤ 2CeKα + CKδeKδℓQb(γ)1−α ≤ (2 +Kδ)CeKδ.
If instead ℓQb(γ) ≥ 1, then we have more simply that
(3.43)
|Pγ(σ(0)) − σ(γ(1))|
ℓQb(γ)α
≤ |Pγ(σ(0)) − σ(γ(1))| ≤ 2‖σ‖gw,0 ≤ 2C ≤ 2C + CKδ ≤ (2 +Kδ)CeKδ.
Hence, combining (3.42) with (3.43) and taking the supremum over γ yields
[σ]gQb,0,α ≤ (2 +Kδ)CeKδ = (2 +Kδ)eKδ
∥∥χ−δσ∥∥
gw ,0,1
,
from which the result follows.

We can also consider the Sobolev space HℓQb(Wǫ,k) associated to a Qb-metric. For a warped QAC-metric,
instead of the natural Sobolev space associated to such a metric, we will consider the weighted version of
the Qb-Sobolev space
Hℓw(Wǫ,k;E) := χ
nHℓQb(Wǫ,k;E).
The factor χn ensures that we integrate with respect to the volume density of a warped QAC-metric, but
since we use a weighted Qb-Sobolev space, the pointwise norms of the derivatives are measured with respect
to a Qb-metric instead of a warped QAC-metric.
As for QAC-metrics, we can consider weighted versions of this Sobolev space. First, consider the strictly
positive functions ρ, w on Cn+1 defined by
(3.44) ρ := x−
k(n−1)
n(k−1) = β˜∗
(
1
ξn−k
)
outside a compact set
and
(3.45) w := x1 =
(
|zn+1| 1k 〈ζ〉
) n−k
n−1
|zn+1| =
〈ζ〉n−kn−1
|zn+1|
n(k−1)
k(n−1)
near H1,
where without loss of generality we can take x = |zn+1|−
n(k−1)
k(n−1) near H1. Notice in particular that ρw = χ−1,
so that (3.26) can be written as
gw = (ρw)
2gQb,
in direct analogy with the corresponding relation for QAC-metrics. In terms of these weight functions, we
will be interested in the weighted Sobolev spaces
(3.46) ρδ+nwτ+n−1Hℓw(Wǫ,k)
and the weighted Ho¨lder spaces
(3.47) ρδwτCℓ,αQb (Wk,ǫ)
for ℓ ∈ N0 and δ, τ ∈ R.
We now return to the potential (3.22).
Lemma 3.9. For ǫ 6= 0, there exists an open neighborhood U1 of H1 ⊂ X such that
√−1
2 ∂∂uǫ,k is the Ka¨hler
form on U1 ∩Wǫ,k of a warped QAC-metric.
Proof. The form is clearly closed, so to see that it is Ka¨hler, it suffices to check that it is positive definite
near H1. We compute that√−1
2
∂∂uǫ,k =
√−1
2
dzn+1 ∧ dzn+1 + |zn+1|
2(n−k)
k(n−1)
√−1
2
∂∂φǫ,k(ζ) +Q
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where
Q := φǫ,k(ζ)
√−1
2
∂∂|zn+1|
2(n−k)
k(n−1) +
√−1
2
∂φǫ,k(ζ) ∧ ∂|zn+1|
2(n−k)
k(n−1) +
√−1
2
∂|zn+1|
2(n−k)
k(n−1) ∧ ∂φǫ,k(ζ).
Clearly, since
√−1
2 ∂∂φǫ,k(ζ) > 0 on Vǫ,k, the 2-form√−1
2
dzn+1 ∧ dzn+1 + |zn+1|
2(n−k)
k(n−1)
√−1
2
∂∂φǫ,k(ζ)
is positive definite. Let h be the corresponding Hermitian metric. Using the polar coordinates zn+1 = re
iθ,
notice that h is a warped product of AC-metrics,
(3.48) h = dr2 + r2dθ2 + r
2(n−k)
k(n−1) gVǫ,k ,
where the metric gVǫ,k is seen as a family of fibrewise AC-metrics in the fibre bundle (3.19) as described
in Remark 3.1. In particular, comparing with (3.30), we see that h is a warped QAC-metric. Using h to
compute the norm of Q and taking into account the fact that
φǫ,k(ζ) ≍ ‖ζ‖
2(n−k)
n−1
N∗
Fk
≍ 〈ζ〉 2(n−k)n−1 = x−22 as |ζ| → ∞,
we see that
(3.49) Q ∈ |zn+1|
n−k
k(n−1)−1〈ζ〉 (n−k)n−1 Aphg(Wǫ,k; Λ2(wT ∗Wǫ,k ⊗ C)) = x1Aphg(Wǫ,k; Λ2(wT ∗Wǫ,k ⊗ C)),
from which the result follows. 
4. Construction of an asymptotically Calabi-Yau metric on Wǫ,k
To determine if
√−1
2 ∂∂uǫ,k is asymptotically Calabi-Yau as we approach H1, let us look at the natural
holomorphic volume form on Wǫ,k. It is defined implicitly by
dz1 ∧ . . . ∧ dzn ∧ dzn+1|Wǫ,k = Ωnǫ ∧ d (Pk(z1, . . . , zn)− ǫzn+1)|Wǫ,k .
For ǫ = 0, notice in particular that Ωn0 = −Ωn−10 ∧dzn+1. Now, in terms of the coordinates (ζ1, . . . , ζn, zn+1),
notice that
dz1 ∧ . . . ∧ dzn ∧ dzn+1 = z
n
k
n+1dζ1 ∧ . . . ∧ dζn ∧ dzn+1.
Let us denote by Ωn−1ǫ (ζ) the holomorphic volume form defined implicitly on (3.17) by
dζ1 ∧ . . . ∧ dζn|Vǫ,k = Ωn−1ǫ (ζ) ∧ d (Pk(ζ1, . . . , ζn)− ǫ)
∣∣
Vǫ,k
.
Then, from the fact that
d (Pk(z1, . . . , zn)− ǫzn+1)|Wǫ,k = zn+1d (Pk(ζ1, . . . , ζn)− ǫ)|Wǫ,k ,
we see that
(4.1) Ωnǫ = −z
n
k
−1
n+1 Ω
n−1
ǫ (ζ) ∧ dzn+1.
In particular, we see that
(4.2) Ωnǫ ∧Ω
n
ǫ = |zn+1|
2(n−k)
k Ωn−1ǫ (ζ) ∧ dzn+1 ∧ Ω
n−1
ǫ (ζ) ∧ dzn+1.
In the case ǫ = 0, we know that gW0,k is Calabi-Yau and that there is a constant cn such that
ωnW0,k = cnΩ
n
0 ∧Ω
n
0 .
Hence, we see from (3.49), (2.11) and (4.2) that the following lemma holds.
Lemma 4.1. The Ka¨hler metric
√−1
2 ∂∂uǫ,k is asymptotically Calabi-Yau near H1 in the sense that
log
(
(
√−1
2 ∂∂uǫ,k)
n
cnΩnǫ ∧ Ωnǫ
)
∈ x1Aphg(Wǫ,k) ⊂ x1C∞Qb(Wǫ,k)
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Near H2 in X , we shall check now that
√−1
2 ∂∂uǫ,k is behaving asymptotically like ωW0,k . First, recall
from § 2 the diffeomorphism ϕǫ : U0 → Uǫ such that (2.9) and (2.10) hold, where U ǫ = U ∩V ǫ,k and U ⊂ Cn
is an open neighborhood of β−1(Fk) ⊂ ∂Cn. Consider now a small open neighborhood U12 of H1 ∩H2 in X˜
and define U12ǫ to be the restriction of U12 to W˜ǫ,k in X˜. Then, in the coordinates (ζ, zn+1), we see that the
diffeomorphism ϕǫ induces a diffeomorphism ϕ
12
ǫ : U120 → U12ǫ such that
(4.3) (ϕ12ǫ )
∗Jǫ − J0 ∈ |ζ|−kAphg(U120 ; End(wTU120 )),
and
(4.4) log
(
(ϕ12ǫ )
∗Ωnǫ
Ωn0
)
∈ |ζ|−kAphg(U120 ),
where Jǫ denotes the complex structure of Wǫ,k. Moreover, from (2.11) and (2.13), we see that
(4.5) (ϕ12ǫ )
∗ωWǫ,k − ωW0,k ∈ |ζ|−µ
n−k
n−1Aphg(U120 ; Λ2(wT ∗U120 )).
Remark 4.2. The map ϕ12ǫ : U120 → U12ǫ is a diffeomorphism for the smooth structure induced by X˜. For
the one induced by X , it is a diffeomorphism away from H2, but is only a polyhomogeneous map if we include
U12 ∩ H2. On the other hand, notice that Aphg(W˜ǫ,k;E) = Aphg(Wǫ,k;E), so in (4.3), (4.4) and (4.5), we
can interchangeably use the smooth structures induced by X˜ or X .
On the other hand, let U2 be an open set such that U2 ∩ H1 = ∅ and H2 ⊂ U12 ∪ U2. Then set
U2,ǫ := U2 ∩ W˜ǫ,k. Using the fact that on β ◦ β˜(U2), PWǫ,k and PW0,k are tangent to order n(k− 1) on their
intersection on CPna ⊂ CPn+1(1,a), we see, cf. [22], that there exists a smooth diffeomorphism ϕ2,ǫ : U2,0 → U2,ǫ
for the smooth structure induced by Cn+1a such that
(4.6)
(ϕ2ǫ)
∗Jǫ − J0 ∈ ξn(k−1)Aphg(U2,0; End(wTU2,0)),
log
(
(ϕ2ǫ )
∗Ωnǫ
Ωn0
)
∈ ξn(k−1)Aphg(U2,0).
Combining the diffeomorphisms ϕ12 and ϕ2 then yields the following.
Theorem 4.3. There is an open neighborhood V of H2 in X and a polyhomogeneous map ψǫ :W0,k ∩ V →
Wǫ,k which is a homeomorphism and, when restricted to W0,k ∩ V, a diffeomorphism such that
(4.7)
ψ∗ǫJǫ − J0 ∈ x
k(n−1)
n−k
2 Aphg(W0,k ∩ V ; End(wT (W0,k ∩ V))),
log
(
ψ∗ǫΩ
n
ǫ
Ωn0
)
∈ x
k(n−1)
n−k
2 Aphg(W0,k ∩ V).
Corollary 4.4. The potential uǫ,k of (3.22) can be extended to a function uǫ,k ∈ x−
2k(n−1)
n(k−1) Aphg(Wǫ,k) in
such a way that
√−1
2 ∂∂uǫ,k is the Ka¨hler form of a warped QAC-metric with
(4.8) ψ∗ǫ
(√−1
2
∂∂uǫ,k
)
−
√−1
2
∂∂u0,k ∈ xµ2Aphg(W0,k ∩ V ; Λ2(wT ∗Wǫ,k))
and
(4.9) log
(
(
√−1
2 ∂∂uǫ,k)
n
cnΩnǫ ∧ Ω
n
ǫ
)
∈ x1xµ2Aphg(Wǫ,k).
Proof. By Theorem 2.4, we have that
(ϕ12ǫ )
∗uǫ,k − u0,k ∈ xµ−22 Aphg(W0,k ∩ V).
Thus, we can extend uǫ,k to a smooth function on Wǫ,k such that
ψ∗ǫ uǫ,k − u0,k ∈ xµ−22 Aphg(W0,k ∩ V).
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Moreover, by Theorem 4.3, we have that (4.8) holds. Hence, combining this with Lemma 4.1 gives (4.9). In
particular, by Lemma 3.9 and (4.8), we have that
√−1
2
∂∂uǫ > 0
outside a compact set of Wǫ,k. In other words, there is a constant C > 0 such that
√−1
2 ∂∂uǫ,k > 0 at points
p ∈Wǫ,k where uǫ,k(p) > C. To see that we can choose uǫ,k such that
√−1
2 ∂∂uǫ > 0 everywhere on Wǫ,k, let
η ∈ C∞(R) be a non-decreasing convex function such that
η(t) =
{
t, if t ≥ C + 2,
C + 32 , if t ≤ C + 1.
For such a function, η ◦ uǫ,k is equal to uǫ,k outside a compact set. Moreover, everywhere on Wǫ,k, we have
that
(4.10)
√−1
2
∂∂η ◦ uǫ,k =
√−1
2
η′′(uǫ,k)∂uǫ,k ∧ ∂uǫ,k +
√−1
2
η′(uǫ,k)∂∂uǫ,k ≥
√−1
2
η′(uǫ,k)∂∂uǫ,k ≥ 0,
since η′, η′′ ≥ 0. Now, let wǫ,k be the restriction to Wǫ,k of the potential
n+1∑
i=1
|zi|2
of the Euclidean metric on Cn+1 and let φ ∈ C∞c (Wǫ,k) be a smooth function such that
φ(p) =
{
1, if uǫ,k(p) ≤ C + 2,
0, if uǫ,k(p) ≥ C + 3.
Then for δ > 0,
(4.11) u˜ǫ,k := η ◦ uǫ,k + δφwǫ,k
is equal to uǫ,k outside a compact set. Moreover, thanks to (4.10), at a point p where uǫ,k(p) < C + 2, we
have that √−1
2
∂∂u˜ǫ,k ≥ δ
√−1
2
∂∂wǫ,k > 0,
while at points where uǫ,k(p) > C + 3,
√−1
2
∂∂u˜ǫ,k =
√−1
2
∂∂uǫ,k > 0.
On the other hand, in the compact region where C + 2 ≤ uǫ,k(p) ≤ C + 3, we have that
√−1
2 ∂∂η ◦ uǫ,k =√−1
2 ∂∂uǫ,k > 0, so taking δ > 0 sufficiently small, we can also ensure that
√−1
2 ∂∂u˜ǫ,k > 0 there too, and
hence everywhere on Wǫ,k. Thus, replacing uǫ,k with u˜ǫ,k yields the desired potential. 
The previous corollary gives us a Ka¨hler warped QAC-metric with Ka¨hler form
√−1
2 ∂∂uǫ,k and with Ricci
potential
(4.12) rǫ,k := log
(
(
√−1
2 ∂∂uǫ,k)
n
cnΩnǫ ∧ Ω
n
ǫ
)
∈ x1xµ2Aphg(Wǫ,k)
decaying at infinity. To obtain a Calabi-Yau warped QAC-metric, it suffices then to solve the complex
Monge-Ampe`re equation
(4.13) log
(
(
√−1
2 ∂∂(uǫ,k + u))
n
cnΩnǫ ∧ Ω
n
ǫ
)
= −rǫ,k.
In order to do this, we need first to establish some mapping properties for the Laplacian associated to a
warped QAC-metric.
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5. Mapping properties of the Laplacian
The result of [12] about the mapping properties of the Laplacian of a QAC-metric has a direct analogue
for warped QAC-metrics. The strategy of the proof is the same as in [12], although some of the details are
slightly different. For this reason, we will recall the general strategy of [12], but we will mostly focus on the
details that differ from [12].
First, recall from [12] that if g is a complete Riemannian metric on a manifold Z and h is a positive
smooth function on Z, then one can consider the measure dµ = h2dg, where dg is the volume density of g.
In the terminology of [16], the triple (Z, g, µ) is a complete weighted Riemannian manifold. On such a
manifold, we use the Riemannian metric g to define the distance d(p, q) between two points of p, q ∈ Z, and
we use the notation
(5.1) B(p, r) := {q ∈ Z | d(p, q) < r}
to denote the geodesic ball of radius r centred at p ∈ Z. However, to measure the volume of such a ball, we
use the weighted measure µ instead of the volume density of g. Moreover, the L2-inner product on functions
we consider is the one induced by µ, namely
(5.2) 〈u, v〉µ :=
∫
Z
uvdµ.
Let ∇ be the Levi-Civita connection of g and ∆ = − div ◦∇ the Laplacian of g. For R a function, we want
to consider the operator L := ∆ +R and its Doob transform with respect to h,
(5.3) L := h−1 ◦ L ◦ h = ∆µ + V +R,
where V := −∆h
h
and ∆µ = ∇∗,µ∇ with ∇∗,µ the adjoint of ∇ with respect to the L2-inner product (5.2)
and the L2-inner product on forms given by
〈η1, η2〉µ :=
∫
Z
(η1(z), η2(z))g(z)dµ(z).
Let HL(t, z, z′) and H∆+V (t, z, z′) denote the heat kernels of L and ∆+V with respect to the volume density
dg,
(e−tLu)(z) =
∫
Z
HL(t, z, z′)u(z′)dg(z′), (e−t(∆+V )u)(z) =
∫
Z
H∆+V (t, z, z
′)u(z′)dg(z′),
and let
GL(z, z′) =
∫ ∞
0
HL(t, z, z′)dt and G∆+V (z, z′) =
∫ ∞
0
H∆+V (t, z, z
′)dt
be the corresponding Green’s functions. Let also H∆µ(t, z, z
′) be the heat kernel of ∆µ with respect to the
measure µ,
(e−t∆µu)(xz) =
∫
Z
H∆µ(t, z, z
′)u(z′)dµ(z′)
with corresponding Green’s function
G∆µ(z, z
′) =
∫ ∞
0
H∆µ(t, z, z
′)dt.
These heat kernels and Green’s functions are related as follows.
Lemma 5.1 (Theorem 3.12 in [12]). If R ≥ V , then
|HL(t, z, z′)| ≤ H∆+V (t, z, z′) = h(z)h(z′)H∆µ(t, z, z′),
and hence
|GL(z, z′)| ≤ G∆+V (z, z′) = h(z)h(z′)G∆µ .
Now, to bound H∆µ , one can use the method of Grigor’yan and Saloff-Coste involving the following
notions.
Definition 5.2. The complete weighted Riemannian manifold (Z, g, µ) satisfies
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(V D)µ the weighted volume doubling property if there exists CD > 0 such that
µ(B(p, 2r)) ≤ CDµ(B(p, r))
for all p ∈ Z and all r > 0;
(PI)µ,δ the uniform Poincare´ inequality with parameter δ ∈ (0, 1] if there exists a constant CP > 0 such that∫
B(p,r)
(f − f)2dµ ≤ CP r2
∫
B(p,δ−1r)
|df |2gdµ
for all f ∈ W 1,2loc (Z), all p ∈ Z and all r > 0;
(PI)µ the uniform weighted Poincare´ inequality if we can take δ = 1 in the previous statement.
Theorem 5.3 (Theorem 2.7 in [16]). Let (Z, g, µ) be a complete weighted Riemannian manifold satisfying
(V D)µ and (PI)µ. Then
H∆µ(t, z, z
′) ≍
(
µ(B(z,
√
t))µ(B(z′,
√
t))
)− 12
e−c
d(z,z′)2
t
for all (t, z, z′) ∈ (0,∞)× Z × Z.
Corollary 5.4. If the complete weighted Riemannian manifold (Z, g, µ) satisfies (V D)µ and (PI)µ, then
H∆+V (t, z, z
′) ≍ h(z)h(z′)
(
µ(B(z,
√
t))µ(B(z′,
√
t))
)− 12
e−c
d(z,z′)2
t .
We want to apply this result to the case where Z = Wǫ,k with ǫ 6= 0, g is a warped QAC-metric and
dµ = dµa,b = ρ
awbdg. For this purpose, we need to know that (V D)µ and (PI)µ hold for this particular
complete weighted Riemannian manifold for suitable choices of a and b. To check this, we introduce the
following notation.
Definition 5.5. Declare 0 ∈ Wǫ,k ⊂ Cn+1 to be the basepoint of Wǫ,k. A ball centred at 0 is called anchored
and we denote its volume by
A(R; a, b) := µa,b(B(0, R)).
Fix c ∈ (0, 1). With respect to this choice, a ball B(p, r) is said to be remote if r < cd(0, p), in which case
we use the notation
R(p, r; a, b) := µa,b(B(p, r)).
If B(p, r) is any ball, possibly neither anchored nor remote, we use the notation
V(p, r; a, b) := µa,b(B(p, r)).
Proposition 5.6. For R > 1, a 6= −2n and b 6= −2n+ 2, we have that
A(R; a, b) ≍
 1 +R
a+2n +R
2n
k
+a−b(n(k−1)k(n−1) ), if 2n
k
+ a− b
(
n(k−1)
k(n−1)
)
6= 0,
1 +Ra+2n + logR, if 2n
k
+ a− b
(
n(k−1)
k(n−1)
)
= 0.
Proof. Consider the two regions
(5.4) V1 := {p ∈ Wǫ,k | w(p) < 1− c} and V2 := {p ∈ Wǫ,k | w(p) ≥ 1− c} .
In the region V2, the metric g behaves like an AC-metric. Moreover, since by definition w ≥ 1− c on V2, we
compute as in [12] that
(5.5) µa,b(B(0, R) ∩ V2) ≍ 1 +Ra+2n for R > 1.
In the region V1, using the coordinates ζ, zn+1, take ρ = |zn+1|, w = 〈ζ〉
n−k
n−1
ρ
n(k−1)
k(n−1)
and suppose that g is of the
form
(5.6) dρ2 + ρ2dθ2 + ρ
2(n−k)
k(n−1) gVǫ,k .
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If we set ρ2 := 〈ζ〉
n−k
n−1 , then we see that the volume density of g is given by
(5.7) dg = ρ
2(n−k)
k
+1dρdθdgVǫ,k =⇒ dµa,b = ρawbdg = ρ
2(n−k)
k
+1+a−b(n(k−1)k(n−1) )dρdθρb2dgVǫ,k .
Notice also that w < 1− c if and only if ρ2 < ρ
n(k−1)
k(n−1) (1− c) and that outside a compact set of Vǫ,k, we have
that
ρb2dgVǫ,k ≍ ρb2ρ2n−32 dρ2dκ,
where dκ is a volume density on ∂V ǫ,k. Hence, we compute that
(5.8)
µa,b(B(0, R) ∩ V1) ≍ 1 +
∫ R
1
ρ
2(n−k)
k
+1+a−b(n(k−1)k(n−1) )
∫{
ρ2<(1−c)ρ
n(k−1)
k(n−1)
} ρb2dgVǫ,k
 dρ
≍ 1 +
∫ R
1
ρ
2(n−k)
k
+1+a−b(n(k−1)k(n−1) )
(
1 + ((1 − c)ρn(k−1)k(n−1) )b+2n−2
)
dρ
≍
 1 +R
a+2n +R
2n
k
+a−b(n(k−1)k(n−1) ), if 2n
k
+ a− b
(
n(k−1)
k(n−1)
)
6= 0,
1 +Ra+2n + logR, if 2n
k
+ a− b
(
n(k−1)
k(n−1)
)
= 0,
from which the result follows. 
Corollary 5.7. If a and b satisfy
(5.9) a+ 2n > 0 and b+ 2n− 2 > 0,
then
A(R; a, b) ≍ Ra+2n for R > 1.
Proof. If −b < 2n− 2, then for R > 1,
R
2n
k
+a−b(n(k−1)k(n−1) ) ≤ R 2nk +a+ 2n(k−1)k = R2n+a for 2n
k
+ a− b
(
n(k − 1)
k(n− 1)
)
6= 0,
whereas if 2n
k
+ a− b
(
n(k−1)
k(n−1)
)
= 0, we have instead that
logR < CR
2n
k
+a+
2n(k−1)
k = CR2n+a
for some constant C > 0. The result follows by combining these observations with Proposition 5.6. 
Remark 5.8. Notice that Proposition 5.6 is slightly different than the corresponding result for QAC-metrics,
but that Corollary 5.7 is the exact analogue of the corresponding statement for QAC-metrics, cf. [12, Propo-
sition 4.9 and (4.11)].
We can also estimate the volume of remote balls. Since ρ ≍ d(0, ·) outside a compact set, we can use the
function ρ instead of d(0, ·) to define remote balls. That is, we will say that B(p, r) is remote if r ∈ (0, cρ(p)).
Proposition 5.9. Suppose that we have chosen the remote parameter c ∈ (0, 1) so that in fact c ∈ (0, 13 ),
that a 6= −2n and that b 6= −2n+ 2. Fix p ∈Wǫ,k. If w(p) ≥ 1− 3c, then for r ∈ (0, cρ(p)),
R(p, r; a, b) ≍ ρar2n.
If instead w(p) < 1− 3c, then
R(p, r; a, b) ≍
{
w(p)bρ(p)ar2n, if r < cw(p)ρ(p),
ρ(p)a−br2n+b if r ≥ cw(p)ρ(p).
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Proof. First notice that ρ(z) ≍ ρ(p) for z ∈ B(p, cρ(p)). Now, if w(p) ≥ 1 − 3c, we are in a region where g
behaves like an AC-metric, so the result follows as in [12, Proposition 4.13]. In fact, for AC-metrics, recall
from [12, Proposition 4.15] that, using a simple rescaling argument, we have also the following estimate for
the volume of non-remote balls,
(5.10)
∫
BgVǫ,k
(p,r)
ρb2dgVǫ,k ≍ rb+2n−2 if r ≥ cρ2(p),
where BgVǫ,k (p, r) is the geodesic ball of radius r centred at p ∈ Vǫ,k with respect to the AC-metric gVǫ,k .
If instead we have that w(p) < 1 − 3c, then notice that B(p, r) ⊂ V1 with V1 as in (5.4). Indeed, since
w = r2
ρ
with r2 := ρ
n−k
k(n−1) 〈ζ〉n−kn−1 , we see that if q ∈ B(p, r), then
(5.11) ρ(q) ≥ ρ(p)− d(p, q) ≥ ρ(p)− r ≥ ρ(p)− cρ(p) = (1− c)ρ(p),
and
r2(q) ≤ r2(p) + d(p, q) ≤ r2(p) + cρ(p),
so that
(5.12) w(q) ≤ r2(p) + cρ(p)
ρ(q)
<
(1− 3c)ρ(p) + cρ(p)
ρ(q)
≤ 1− 2c
1− c = 1−
c
1− c < 1− c.
We can thus assume that g is given by (5.6) in the decomposition C × Vǫ,k. If p corresponds to the point
(p1, p2) ∈ C × Vǫ,k and if B1(p1, r) denotes the geodesic ball in C with respect to the Euclidean metric
dρ2 + ρ2dθ2 and B2(p2, r) denotes the geodesic ball in Vǫ,k with respect to the metric gVǫ,k , then recalling
that ρ ≍ ρ(p) on B(p, r), notice that the weighted volume of B(p, r) is comparable to the one of the product
of balls
B1(p1, r) ×B2
(
p2,
r
ρ(p)
n−k
k(n−1)
)
.
Now, we have that
(5.13)
µa,b
(
B1(p1, r) ×B2
(
p2,
r
ρ(p)
n−k
k(n−1)
))
=
∫
B1(p,r)
∫
B2

p2, r
ρ(p)
n−k
k(n−1)

 ρ
b
2dgVǫ,k
 ρ 2(n−k)k +1+a−b(n(k−1)k(n−1) )dρdθ.
Notice that r ≥ cρ(p)w(p) if and only if r
ρ(p)
n−k
k(n−1)
≥ cρ2(p), so using the fact that gVǫ,k is an AC-metric, we
see that
∫
B2

p2, r
ρ(p)
n−k
k(n−1)

 ρ
b
2dgVǫ,k ≍

ρ2(p)
b
(
r
ρ(p)
n−k
k(n−1)
)2n−2
, if r < cw(p)ρ(p),(
r
ρ(p)
n−k
k(n−1)
)2n−2+b
, if r ≥ cw(p)ρ(p).
Substituting this in (5.13) and using the fact that the Euclidean metric on C is an AC-metric, we find that
µa,b
(
B1(p1, r)×B2
(
p2,
r
ρ(p)
n−k
k(n−1)
))
≍
(
ρ2(p)
ρ(p)
n(k−1)
k(n−1)
)b
ρ(p)ar2n = w(p)bρ(p)ar2n
if r < cw(p)ρ(p), and
µa,b
(
B1(p1, r)×B2
(
p2,
r
ρ(p)
n−k
k(n−1)
))
≍ ρ(p)a−br2n+b
if r ≥ cw(p)ρ(p), from which the result follows.

Corollary 5.10. For a and b as in Proposition 5.9, remote balls satisfy (V D)µ.
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Corollary 5.11. If a and b are as in Proposition 5.9, then for any p ∈ Wǫ,k and for r = cρ(p), we have that
R(p, r; a, b) ≍ r2n+a ≍ ρ(p)2n+a.
Proof. If w(p) ≥ 1 − 3c, this is a direct consequence of the previous proposition. If instead w(p) < 1 − 3c,
then notice that
r = cρ(p) ≥ cρ(p)(1− 3c) > cρ(p)w(p),
so the result is again a consequence of Proposition 5.9. 
We can also use this result to estimate the volume of non-remote balls.
Corollary 5.12. Suppose that a and b satisfy (5.9). Then for any p ∈ Wǫ,k and any r ≥ cρ(p), we have
that
V(p, r; a, b) ≍ r2n+a.
Proof. Without loss of generality, we can assume that min ρ ≥ 1 and that ρ(p) ≥ d(0, p) for all p ∈ Wǫ,k.
Given p ∈Wǫ,k, suppose first that r ≥ 3ρ(p). In this case,
B(0,
2r
3
) ⊂ B(p, r) ⊂ B(0, 4r
3
),
so that
A(2r
3
; a, b) ≤ V(p, r; a, b) ≤ A(4r
3
; a, b)
and the result follows from Corollary 5.7. If instead cρ(p) ≤ r < 3ρ(p), then
B(p, cρ(p)) ⊂ B(p, r) ⊂ B(0, 4ρ(p)),
so that
R(p, cρ(p); a, b) ≤ V(p, r; a, b) ≤ A(4ρ(p); a, b)
and we deduce from Corollary 5.7 and Corollary 5.11 that
V(p, r; a, b) ≍ ρ(p)2n+a ≍ r2n+a.

Corollary 5.13. Suppose that a and b satisfy condition (5.9). Then there exists a constant C > 0 such that
(5.14) A(ρ(p); a, b) ≤ CR(p, cρ(p); a, b)
for any p ∈ Wǫ,k.
Proof. It suffices to combine Corollary 5.7 with Corollary 5.11. 
Corollary 5.14. Suppose that a and b satisfy condition (5.9). If the complete weighted Riemannian manifold
(Wǫ,k, g, µa,b) satisfies (V D)µ and (PI)µ,δ with parameter δ ∈ (0, 1] for all remote balls, then (V D)µ and
(PI)µ,δ hold for all balls of (Wǫ,k, g, µa,b).
Proof. By [16, Theorem 5.2] and Corollary 5.13, it suffices to check that (Wǫ,k, g) satisfies the property of
relatively connected annuli (RCA) with respect to 0, that is, that there exists CA > 1 such that for all
r > C2A, for all p, q ∈ Wǫ,k with d(0, p) = d(0, q) = r, there exists a continuous path γ : [0, 1] → Wǫ,k with
γ(0) = p, γ(1) = q and with image contained in the annulus B(0, CAr) \ B(0, C−1A r). But clearly the RCA
property holds on (Wǫ,k, g), so the result follows. 
Thus, by Corollary 5.14 and Corollary 5.10, to show that (V D)µ and (PI)µ,δ hold for the complete
weighted Riemannian manifold (Wǫ,k, g, µa,b) with a and b satisfying (5.9), it remains to check that (PI)µ,δ
holds on remote balls.
Theorem 5.15. A warped QAC-metric g on Wǫ,k is such that for a and b satisfying (5.9), the properties
(V D)µ and (PI)µ hold on (Wǫ,k, g, µa,b).
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Proof. By the previous results, it suffices to check that for some δ ∈ (0, 1), (PI)µ,δ holds on remote balls.
Indeed, in that case, (V D)µ and (PI)µ,δ will hold for all balls by Corollary 5.14, so by the argument of
Jerison [19], (PI)µ will also hold for all balls. We also choose our remote parameter c to be in the interval
(0, 14 ). Thus, let B(p, r) be a remote ball. If w(p) ≥ 1− 4c, then we are in a region where g behaves like an
AC-metric, so we can apply the rescaling argument of [12, Proposition 4.20] to conclude that (PI)µ holds
on B(p, r). If instead w(p) < 1 − 4c, then as discussed in (5.12), we have that B(p, r) ⊂ V1 and we can
suppose that g is of the form (5.6). Regarding V1 as a subset of C× Vǫ,k with p corresponding to the point
(p1, p2) ∈ C× Vǫ,k, notice that B(p, r) is contained in the product of balls
(5.15) Q(r) = B1 ×B2 := B1(p1, r) ×B2
(
p2,
r
((1− c)ρ(p)) n−kk(n−1)
)
.
Before proving the uniform Poincare´ inequality on B(p, r), let us prove it for Q(r). To do this, write
dµa,b = dµ1dµ2 with
dµ1 = ρ
2(n−k)
k
+a−b(n(k−1)k(n−1) )ρdρdθ and dµ2 = ρb2dgVǫ,k .
Given a function f on Q(r), we define the partial averages
f i :=
1
µi(Bi)
∫
Bi
fdµi, i ∈ {1, 2}, fQ :=
1
µa,b(Q(r))
∫
Q(r)
fdµa,b.
Notice in particular that fQ = (f1)2 = (f2)1. Now, since gVǫ,k is an AC-metric, we know from [12] that
(PI)µ2 holds on (Vǫ,k, gVǫ,k , µ2). Hence, we compute that
(5.16)∫
Q(r)
|f − fQ|2dµ1dµ2 ≤ 2
∫
Q(r)
(|f − f2|2 + |f2 − fQ|2) dµ1dµ2
≤ 2
∫
B1
C2( r
((1 − c)ρ(p)) n−kk(n−1)
)2 ∫
B2
|d2f |2gVǫ,k dµ2 +
∫
B2
|f2 − fQ|2dµ2
 dµ1
= 2
∫
B1
(
C2r
2
∫
B2
|d2f |2
((1−c)ρ(p))
n−k
k(n−1) gVǫ,k
dµ2 +
∫
B2
|f2 − fQ|2dµ2
)
dµ1,
where di corresponds to the exterior differential taken only on the factor Bi and C2 > 1 is the constant for
the property (PI)µ2 on (Vǫ,k, gVǫ,k , µ2). Now, since (1 − c)ρ(p) ≤ ρ(q) ≤ (1 + c)ρ(p) for q ∈ Q(r), the first
term on the right hand side of (5.16) is bounded by
2C2
(
1 + c
1− c
) 2(n−k)
k(n−1)
r2
∫
Q
|df |2gdµa,b.
For the second term, we can instead apply (PI)µ1 on B1,
(5.17)
∫
Q(r)
|f2 − fQ|2dµ1dµ2 ≤
∫
B2
(
C1r
2
∫
B1
|df2|2g1dµ1
)
dµ2.
Since
d1f2 =
1
µ2(B2)
∫
B2
d1fdµ2,
we see from the Cauchy-Schwarz inequality that
(5.18) |d1f2|2g1 ≤
1
µ2(B2)
∫
B2
|d1f |2g1dµ2,
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where g1 = dρ
2 + ρ2dθ2 is the Euclidean metric on C. Thus, inserting (5.18) in (5.17), we see that
(5.19)
∫
Q(r)
|f2 − fQ|2dµ1dµ2 ≤
∫
B2
(
C1r
2
∫
B1
(
1
µ2(B2)
∫
B2
|d1f |2g1dµ2
)
dµ1
)
dµ2
≤ C1r2
∫
Q(r)
|d1f |2g1dµa,b
≤ C1r2
∫
Q(r)
|df |2gdµa,b.
Hence, this shows that (PI)µa,b holds on Q(r). Now, returning to B(p, r), notice that we have the sequence
of inclusions
(5.20) B(p, r) ⊂ Q(r) ⊂ B
(
p, r +
(
1 + c
1− c
) n−k
k(n−1)
r
)
⊂ B(p, 3r)
for c ∈ (0, 14 ) sufficiently small. Hence, we have that
(5.21)
∫
B(p,r)
|f − fB(p,r)|2dµa,b = inf
a
∫
B(p,r)
|f − a|2dµa,b
≤
∫
B(p,r)
|f − fQ|2dµa,b
≤
∫
Q(r)
|f − fQ|2dµa,b
≤ Cr2
∫
Q(r)
|df |2gdµa,b by (PI)µa,b on Q(r),
≤ Cr2
∫
B(p,δ−1r)
|df |2gdµa,b with δ =
1
3
.

Corollary 5.16. If g is a warped QAC-metric on Wǫ,k and a, b satisfy (5.9), then the heat kernel HL of
L+R with R ≥ V := −∆(ρ
a
2 w
b
2 )
ρ
a
2 w
b
2
satisfies the estimate
|HL(t, z, z′)| ≤ H∆+V (t, z, z′) ≍ (µa,b(B(z,
√
t))µa,b(B(z
′,
√
t)))−
1
2 e−
cd(z,z′)2
t .
One useful consequence of this estimate is that the Sobolev inequality holds for warped QAC-metrics.
Corollary 5.17 (Sobolev inequality). If g is a warped QAC-metric on Wǫ,k, then there exists a constant
CS > 0 such that
(5.22)
(∫
Wǫ,k
|u| 2nn−1 dg
)
≤ CS
∫
|df |2gdg ∀u ∈ C∞c (Wǫ,k).
Proof. When a = b = 0, we have that V = 0, so we can take R = 0 in Corollary 5.16. This gives a Gaussian
bound for H∆, which is well-known to be equivalent to the existence of a constant CS > 0 such that (5.22)
holds; see [15]. 
More importantly, we now have all the necessary estimates to obtain the following results for the Laplacian.
Theorem 5.18. Let g be a warped QAC-metric on Wǫ,k and denote by ∆ its corresponding Laplacian. Let
a and b be real numbers such that
(5.23) a+ 2n > 2, and b+ 2n− 2 > 2.
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If R ∈ ρ−2w−2C∞Qb(Wǫ,k) is a smooth function on Wǫ,k such that R ≥ V := −
∆
(
ρ
a
2 w
b
2
)
ρ
a
2 w
b
2
, then for all ℓ ∈ N0
and α ∈ (0, 1), the mappings
(5.24)
∆ +R : ρδ+nwτ+n−1Hℓ+2Qb (Wǫ,k)→ ρδ+n−2wτ+n−3HℓQb(Wǫ,k),
∆+R : ρδwτCℓ+2,αQb (Wǫ,k)→ ρδ−2wτ−2Cℓ,αQb (Wǫ,k),
are isomorphisms provided that
(5.25) 2− 2n− a
2
< δ <
a
2
and 2− (2n− 2)− b
2
< τ <
b
2
.
Proof. We proceed exactly as in [12], the idea being to use Corollary 5.16 to show that the Green’s operator
defines an inverse
G∆+R : ρδ+n−2wτ+n−3HℓQb(Wǫ,k)→ ρδ+nwτ+n−1Hℓ+2Qb (Wǫ,k)
to (5.24) using Corollary 5.16 and the Schur test. In [12], this is done by using estimates on the volume of
remote balls and non-remote balls obtained in [12, Proposition 4.15 and Proposition 5.2]. In our setting, the
exact analogues are Corollary 5.12 and Proposition 5.9, so we can apply the argument of [12] verbatim. For
the maps on Ho¨lder spaces, we can also use these estimates on the Green’s operator to see that it defines an
inverse
G∆+R : ρδ−2wτ−2Cℓ,α(Wǫ,k)→ L∞(Wǫ,k).
Using the Schauder estimates and the fact that a Qb-metric has bounded geometry, we then see that in fact
it defines an inverse
G∆+R : ρδ−2wτ−2Cℓ,α(Wǫ,k)→ ρδwτCℓ+2,α(Wǫ,k).

We will be mostly interested in the following special case of Theorem 5.18.
Corollary 5.19. Let g be a warped QAC-metric on Wǫ,k and denote by ∆ its corresponding Laplacian. Then
for all ℓ ∈ N0 and α ∈ (0, 1), the mappings
(5.26)
∆ : ρδ+nwτ+n−1Hℓ+2Qb (Wǫ,k)→ ρδ+n−2wτ+n−3HℓQb(Wǫ,k),
∆ : ρδwτCℓ+2,αQb (Wǫ,k)→ ρδ−2wτ−2Cℓ,αQb (Wǫ,k),
are isomorphisms provided that
(5.27) 2− 2n < δ < 0 and 2− (2n− 2) < τ < 0.
Proof. It suffices to take a = b = 0 and R = 0 in Theorem 5.18. 
6. Examples of Calabi-Yau warped QAC-metrics
To solve the complex Monge-Ampe`re equation (4.13), we will first improve the decay of the Ricci potential
using Corollary 5.19.
Lemma 6.1. Assume that n = 3 and k = 2 or that n ≥ 4 and 3 ≤ k ≤ n − 1. Then there exists
v ∈ ρ−µ(n(k−1)k(n−1) )+2w3−µC∞Qb(Wǫ,k) such that √−1
2
∂∂ (uǫ,k + v)
is the Ka¨hler form of a warped QAC-metric with Ricci potential
rv := log

(√−1
2 ∂∂(uǫ,k + v)
)n
cnΩnǫ ∧ Ω
n
ǫ
 ∈ x4−2s1 x2µ2 C∞Qb(Wǫ,k) ⊂ ρ−2−νC∞Qb(Wǫ,k)
for some ν > 0, where s = 0 if n ≥ 4 and s > 0 is sufficiently small if instead n = 3 and k = 2.
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Proof. We will follow the strategy of [8, Lemma 5.3]. Let gǫ,k be the Ka¨hler metric with Ka¨hler form
ωǫ,k :=
√−1
2 ∂∂uǫ,k and let
rǫ,k ∈ x1xµ2C∞Qb(Wǫ,k) = ρ−µ
n(k−1)
k(n−1)w1−µC∞Qb(Wǫ,k)
be its Ricci potential as defined in (4.12). Denote by ∆ = −gijǫ,k∇i∇j the Laplacian of gǫ,k. For k and n as
in the statement of the lemma and with µ chosen sufficiently close to 2n− 2 when k = 2n3 , we see that we
can take δ − 2 = −µn(k−1)
k(n−1) and τ − 2 = 1− µ in Corollary 5.19, so that there exists a unique
v1 ∈ ρδwτC∞Qb(Wǫ,k) = x
3− 2k(n−1)
n(k−1)
1 x
µ−( 2k(n−1)n(k−1) )
2 C∞Qb(Wǫ,k)
such that
∆v1 = 2rǫ,k.
Taking µ sufficiently close to 2n− 2 in the case k = 2n3 , notice that for our choices of δ and τ ,
(6.1)
3− 2k(n− 1)
n(k − 1) =
(n+ 2)k − 3n
n(k − 1) > 0
µ− 2
(
k(n− 1)
n(k − 1)
)
=
µn(k − 1)− 2k(n− 1)
n(k − 1) > 0,
so that v1 decays at infinity. Hence, we see that ωǫ,k +
√−1∂∂v1 is positive definite outside a compact set.
In fact, thanks to the decay of v1 at infinity, we can if needbe truncate v1 outside a large compact set and
assume without loss of generality that ω1 := ωǫ,k +
√−1∂∂v1 is positive definite everywhere on Wǫ,k. Now,
we compute that
(6.2) (ω1)
n = (ωǫ,k +
√−1∂∂v1)n = (1− 1
2
∆v1)ω
n
ǫ,k +
n!
2!(n− 2)!ω
n−2(
√−1∂∂v1)2 + · · ·+ (
√−1∂∂v1)n,
so that
ωn1 − (1− rǫ,k)ωnǫ,k ∈ (x1xµ2 )2C∞Qb(Wǫ,k).
Hence, the Ricci potential of ω1 is such that
r1 := log
(
ωn1
cnΩnǫ ∧ Ω
n
ǫ
)
∈ x21x2µ2 C∞Qb(Wǫ,k) ⊂ x21xµ2C∞Qb(Wǫ,k).
In particular, we have a better rate of decay for r1. Assuming for the moment that 4 ≤ n ≤ 8 when
k = 3, we can repeat this argument, this time however with ω1 and r1 instead of ωǫ,k and rǫ,k, taking again
δ = 2− µn(k−1)
k(n−1) in Corollary 5.19, but now with τ = 4− µ− s with s = 0 if n ≥ 4 and s > (2n− 2)− µ ≥ 0
sufficiently small when n = 3 and k = 2, to find v2 ∈ ρδwτC∞Qb(Wǫ,k) such that ω2 = ω1 +
√−1∂∂v2 is
positive definite with Ricci potential r2 such that
r2 := log
(
ωn1
cnΩnǫ ∧Ω
n
ǫ
)
∈ x4−2s1 x2µ2 C∞Qb(Wǫ,k) ⊂ x4−2sC∞Qb(Wǫ,k) = ρ−(4−2s)
n(k−1)
k(n−1) C∞Qb(Wǫ,k).
Now, since k ≥ 2, we see that
(6.3) (4− 2s)
(
n(k − 1)
k(n− 1)
)
> 2 ⇐⇒ (n+ 1)k > 2n+ sn(k − 1),
which holds if s = 0 or s > 0 is chosen small enough. In either case, we see that r2 ∈ ρ−2−νC∞Qb(Wǫ,k) for
some ν > 0. Thus, it suffices to take v = 2(v1 + v2).
If instead k = 3 and n ≥ 9, we can instead take δ − 2 = −2µn(k−1)
k(n−1) and τ = 4 − 2µ to find v2 ∈
ρδwτC∞Qb(Wǫ,k) such that ω2 = ω1 +
√−1∂∂v2 is positive definite with Ricci potential r2 such that
r2 := log
(
ωn1
cnΩnǫ ∧ Ω
n
ǫ
)
∈ x41x4µ2 C∞Qb(Wǫ,k) ⊂ x4C∞Qb(Wǫ,k) = ρ−4
n(k−1)
k(n−1) C∞Qb(Wǫ,k),
so thanks to (6.3), we can take v = 2(v1 + v2) again. 
The Ricci potential of the Ka¨hler metric in Lemma 6.1 decays fast enough to apply the result of Tian-Yau
[34] or its parabolic version [6].
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Theorem 6.2. Assume that n = 3 and k = 2 or that n ≥ 4 and 3 ≤ k ≤ n− 1. Then there exists a unique
solution v˜ ∈ ρ2−µn(k−1)k(n−1)w3−µC∞Qb(Wǫ,k) to the complex Monge-Ampe`re equation
log
(
(ωǫ,k +
√−1∂∂v˜)n
cnΩnǫ ∧ Ωnǫ
)
= −rǫ,k.
In particular, ω˜ := ωǫ,k +
√−1∂∂v˜ is the Ka¨hler form of a Calabi-Yau warped QAC-metric on Wǫ,k.
Proof. The proof is similar to [8, Theorem 5.4], so we will go over the argument putting emphasis on the
new features. The strategy is to apply the continuity method to the complex Monge-Ampe`re equation
(6.4) log

(√−1
2 ∂∂(uǫ,k + v + u)
)n
cnΩnǫ ∧ Ωnǫ
 = −trv
for t ∈ [0, 1], where v is as in Lemma 6.1. More precisely, we will show that the set
S = {s ∈ [0, 1] | ∃us ∈ ρ2−µ
n(k−1)
k(n−1)w3−µC∞Qb(Wǫ,k) a solution to (6.4) for t = s}
is in fact all of [0, 1] by showing that it is non-empty, open and closed. Clearly, u0 = 0 is a solution to (6.4)
for t = 0, so that S is non-empty. The openness of S follows from Corollary 5.19. For closedness, suppose
that [0, τ) ⊂ S for some 0 < τ ≤ 1. Then we need to show that (6.4) has a solution for t = τ . This can
be done by deriving good a priori estimates on the solutions to (6.4). First, thanks to Corollary 5.17, the
Sobolev inequality holds for warped QAC-metrics on Wǫ,k, so we can apply a Moser iteration to derive an a
priori C0-bound on solutions of (6.4). The argument of Yau then gives uniform bounds on √−1∂∂vt, which
by the result of Evans-Krylov, yields an a priori C2,γw (Wǫ,k) bound on solutions. Hence, taking an increasing
sequence ti ր τ , we can use the Arzela-Ascoli theorem to extract a subsequence of {uti} converging in
C2w(Wǫ,k) to some solution uτ of (6.4) for t = τ . Bootstrapping, we see that in fact uτ ∈ C∞w (Wǫ,k).
To see that this solution is in fact in ρ2−µ
n(k−1)
k(n−1)w4−µ−sC∞Qb(Wǫ,k), we can first apply a Moser iteration
with weights as in [20, §8.6.2] to obtain an a priori bound in ρ−ν1C0w(Wǫ,k) for some 0 < ν1 < ν with ν as in
the statement of Lemma 6.1. Appealing to Proposition 3.7, we use the Schauder estimate in terms of warped
QAC-metrics to bootstrap and obtain that in fact uτ ∈ ρ−ν1C∞w (Wǫ,k). Now, by Lemma 3.8, we see that
ρ−ν1C1w(Wǫ,k) = (χw)ν1C1w(Wǫ,k) ⊂ χν1C1w(Wǫ,k) ⊂ C0,ν1Qb (Wǫ,k),
which implies that ‖∂∂uτ‖gǫ,k ∈ C0,ν1Qb (Wǫ,k). Hence, thanks to Lemma 3.5, we can use the Schauder estimate
in terms of Qb-metrics to bootstrap and obtain that in fact uτ ∈ ρ−ν1C∞Qb(Wǫ,k). Finally, using Corollary 5.19,
we conclude that uτ is a solution in ρ
2−µn(k−1)
k(n−1)w4−µ−sC∞Qb(Wǫ,k), showing that S is closed, and hence is all
of [0, 1].
To show that the solution is unique, we can proceed as in [3, Proposition 7.13], but using Corollary 5.19
instead of the maximum principle.

Corollary 6.3. Assume that n = 3 and k = 2 or that n ≥ 4 and 3 ≤ k ≤ n − 1. Then there exists
a complete Calabi-Yau metric g on Cn with Euclidean volume growth whose tangent cone at infinity is
(W0,k, gW0,k) = (V0,k × C, gV0,k × gC). In particular, g is not isometric to the Euclidean metric on Cn.
Proof. It suffices to take the Calabi-Yau warped QAC-metric of Theorem 6.2 on Wǫ,k ∼= Cn. 
7. The case k = 2 and n ≥ 4
When k = 2 and n ≥ 4, the decay of the Ricci potential is not sufficient to apply Corollary 5.19.
However, inspired by [31, Proposition 12], by a more direct means, we can first improve the decay of the
Ricci potential at H2. Indeed, near that face, the metric associated to the potential uǫ,k of Corollary 4.4
has the same asymptotic behavior as the singular metric gW0,k . This latter metric can be thought of as an
AC-metric,
(7.1) gW0,k = dR
2 +R2g2, with R =
√
|zn+1|2 + ‖z‖
2(n−k)
n−1
N∗
Fk
≍ ρ,
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where
(7.2) g2 = dϕ
2 + (sinϕ)2g∂V 0,k + (cosϕ)
2gS1 , ϕ ∈ [0,
π
2
],
is the spherical suspension of gS1, the standard metric on the unit circle, and g∂V 0,k , the metric on the
cross-section ∂V 0,k of the cone metric
gV0,k = dr
2 + r2g∂V 0,k .
There is in particular an incomplete edge singularity (or wedge singularity in the terminology of [13]) at
ϕ = 0 corresponding to the boundary of H2 ∩ Wǫ,k. At ϕ = π2 , the metric appears singular, but is in fact
smooth since dϕ2 + (cosϕ)2gS1 is just the standard metric on S
2 written in spherical coordinates. Notice in
particular that near H1 ∩H2 ∩Wǫ,k, we can if we wish use ϕ instead of x1 as a boundary defining function
of ∂H2 ∩ Wǫ,k. Forgetting for the moment the singularities of the incomplete edge metric g2, we can thus
regard gW0,k as an AC-metric and a simple computation shows that its Laplacian is given by
(7.3) ∆gW0,k = R
−2
(
−
(
R
∂
∂R
)2
− (2n− 2)R ∂
∂R
+∆g2
)
,
where ∆g2 is the Laplacian of the metric g2 on H2 ∩Wǫ,k. Making the change of variable X = R−1, this can
be rewritten as
∆gW0,k = X
2B
where
(7.4) B := X−2∆gW0,k = −
(
X
∂
∂X
)
+ (2n− 2)X ∂
∂X
+∆g2
is a b-operator in the sense of Melrose [28], except for the fact that g2 has an incomplete edge singularity.
The indicial family of B, as defined in [24, Definition 2.18], is thus
(7.5) I(B, λ) = −λ2 + (2n− 2)λ+∆g2 , λ ∈ C.
Since the Ricci potential (4.12) has a polyhomogeneous expansion at H2, this suggests we can use the
strategy of [28, Lemma 5.44] to eliminate part of the asymptotic expansion of rǫ,k at H2 and construct a
Ka¨hler warped QAC-metric having Ricci potential decaying faster atH2. However, since ∆g2 is the Laplacian
of an incomplete edge metric, we need to use the results of Appendix A about the mapping properties of
∆g2 .
Lemma 7.1. For k = 2 and n ≥ 4, there exists v ∈ ρ2Aphg(Wǫ,k) contained in x−
1
n−2
1 ρ
2− n
n−2+δAphg(Wǫ,k)
for all δ > 0 such that
√−1
2 ∂∂(uǫ,k + v) is the Ka¨hler form of a warped QAC-metric with Ricci potential
rv := log

(√−1
2 ∂∂(uǫ,k + v)
)n
cnΩnǫ ∧ Ω
n
ǫ
 ∈ xν1x 4(n−1)n +ν2 Aphg(M)
for some ν > 0.
Proof. Recall first that with our assumption, µ = 2(n−1)
n−2 and ρ = x
− 2(n−1)
n . The idea is to take advantage of
the fact that rǫ,k ∈ x1xµ2Aphg(Wǫ,k) has a polyhomogeneous expansion at H2 ∩Wǫ,k and follow the strategy
of [28, Lemma 5.44]. Since
x1x
µ
2 = x
1−µ
1 x
µ = x1−µ1 ρ
− n
n−2 ≍ x1−µ1 X
n
n−2 ,
we see that the top order term in the asymptotic expansion of rǫ,k is of the form e n
n−2
X
n
n−2 with e n
n−2
∈
x1−µ1 Aphg(H2∩Wǫ,k) = x
−1− 2
n−2
1 Aphg(H2∩Wǫ,k). To eliminate it, we need to find f nn−2 solving the equation
(7.6) I(B, λ)fλ = e n
n−2
for λ = −2 + n
n− 2 = −1 +
2
n− 2 .
Since
x
−1− 2
n−2
1 Aphg(H2 ∩Wǫ,k) ⊂ x
−1− 2
n−2
1 C∞e (H2 ∩Wǫ,k) ⊂ x
−2− 1
n−2
1 C∞e (H2 ∩Wǫ,k),
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where C∞e (H2 ∩ Wǫ,k) = C∞x−21 g2(cH2 ∩ Wǫ,k) for the edge metric x
−2
1 g2, this suggests to take a = − 1n−2
in Corollary A.5. Suppose first that e n
n−2
is in the image I(B,−1 + 2
n−2 ). Then there exists f nn−2 ∈
x
− 1
n−2
1 C2,α2 (H2 ∩Wǫ,k) such that
I(B,−1 + 2
n− 2)f nn−2 = 2e nn−2 .
Moreover, by Corollary A.4, we know that in fact f n
n−2
∈ x−
1
n−2
1 Aphg(H2 ∩ Wǫ,k). Hence extending f nn−2
smoothly away from H2 ∩Wǫ,k, we see that
(7.7)(
∆gWǫ,k
(
ρ2−
n
n−2 f n
n−2
)
− 2rǫ,k
)
∈ x−2−
1
n−2
1 ρ
− n
n−2−δAphg(H2∩Wǫ,k) = x
2(n−1)δ
n
+ 1
n−2
1 x
2n−1
n (
n
n−2+δ)
2 Aphg(H2∩Wǫ,k)
for some δ > 0 depending on the polyhomogeneous expansion of gWǫ,k and rǫ,k at H2. If instead e nn−2
is not in the image of I(B,−1 + 2
n−2 ), then proceeding as in the proof of [28, Lemma 5.44], we can find
f n
n−2
, f( n
n−2 ,1)
∈ x−
1
n−2
1 Aphg(H2 ∩Wǫ,k) with f( nn−2 ,1) in the kernel of I(B,−1 + 2n−2 ) such that
(7.8)
(
∆gWǫ,k
(
ρ2−
n
n−2
(
f n
n−2
+ f( n
n−2 ,1)
log ρ
))
− 2rǫ,k
)
∈ x
2(n−1)δ
n
+ 1
n−2
1 x
2n−1
n (
n
n−2+δ)
2 Aphg(H2 ∩Wǫ,k)
for δ > 0 as above. Since
ρ2−
n
n−2 f n
n−2
ρ2
= ρ−
n
n−2 f n
n−2
∈ x2+
1
n−2
1 x
2n−1
n−2
2 Aphg(H2 ∩Wǫ,k)
and uǫ,k ≍ ρ2 at infinity, we see also that, if necessary, we can change the definition of f n
n−2
and f( n
n−2 ,1)
by
truncating them using cut-off functions near H2 in such a way that
(7.9)
√−1
2
∂∂
(
uǫ,k + ρ
2− n
n−2
(
f n
n−2
+ f( n
n−2 ,1)
log ρ
))
is still the Ka¨hler form of a warped QAC-metric. Assuming without loss of generality that 2(n−1)δ
n
≤ 1
n−2 ,
we see by (7.7) and the expansion (6.2) that the Ricci potential r n
n−2
of this new metric is such that
r n
n−2
∈ x
2(n−1)δ
n
+ 1
n−2
1 x
µ+2 (n−1)δ
n
2 Aphg(H2 ∩Wǫ,k) = x
−2− 1
n−2
1 ρ
− n
n−2−δAphg(H2 ∩Wǫ,k).
Looking at the top order term of the expansion of r n
n−2
at H2 ∩ Wǫ,k, we can again eliminate it using the
same technique. Indeed, if it is of the form e n
n−2+δ
X
n
n−2+δ with e n
n−2+δ
∈ x−2−
1
n−2
1 Aphg(H2∩Wǫ,k), then we
can apply Corollary A.5 with a = −1
n−2 to remove this term by adding another correction to the Ka¨hler metric
(7.9), resulting in a Ka¨hler warped QAC-metric with Ricci potential in x
2(n−1)δ′
n
+ 1
n−2
1 x
µ+2 (n−1)δ
′
n
2 Aphg(H2 ∩
Wǫ,k) for some δ′ > δ.
Notice however that the top order term of r n
n−2
at H2 ∩Wǫ,k may involve (log x2)ℓ for some ℓ ∈ N, and
similarly the top order term at the corner H1 ∩ H2 ∩ Wǫ,k could involve some power of log x1 as well. If
(log x2)
ℓ does appear, then the top order term is of the form e n
n−2+η
X
n
n−2+η(logX)ℓ with η > δ and e n
n−2+η
is polyhomogeneous on H2 ∩Wǫ,k with top order term at ∂H2 ∩Wǫ,k of the form bx−2−
1
n−2−η′
1 (log x1)
ℓ′ for
some 0 ≤ η′ ≤ 2(n−1)(η−δ)
n
and ℓ′ ≥ ℓ, where b is a smooth function on ∂H2 ∩Wǫ,k. Thus, it suffices in this
case to apply Corollary A.5 with a < − 2
n−2 − η′ and handle the logarithmic terms as in [28, Lemma 5.44].
However, since we need a > 5−2n to apply Corollary A.5, we cannot take η′ arbitrarily large. This means
this method will not allow us to continue indefinitely and remove all terms in the asymptotic expansion of
the Ricci potential. What is important is that since x
4(n−1)
n
2 = x
− 4(n−1)
n
1 ρ
2, we need to apply Corollary A.5
only when a − 2 ≥ − 4(n−1)
n
> 3 − 2n to eliminate the asymptotic expansion up to order 2 in ρ. Thus, we
can continue this argument until we reach the desired decay of the Ricci potential.

With this modification, we can now proceed as before to construct a Calabi-Yau warped QAC-metric.
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Theorem 7.2. Assume that k = 2 and n ≥ 4. Then for δ > 0 arbitrarily small, there exists a solution
v˜ ∈ x−
1
n−2
1 ρ
2− n
n−2+δC∞Qb(Wǫ,k) to the complex Monge-Ampe`re equation
log
(
(ωǫ,k +
√−1∂∂v˜)n
cnΩnǫ ∧ Ωnǫ
)
= −rǫ,k.
In particular, ω˜ := ωǫ,k +
√−1∂∂v˜ is the Ka¨hler form of a Calabi-Yau warped QAC-metric on Wǫ,k.
Proof. Using the function v of Lemma 7.1, we need to solve the Monge-Ampe`re equation
log
(
(ωǫ,k +
√−1∂∂(v + u))n
cnΩnǫ ∧ Ωnǫ
)
= −rǫ,k.
Proceeding as in the proof of Lemma 6.1, we can first improve the decay of the Ricci potential by applying
Corollary 5.19 with τ − 2 = − 4(n−1)
n
and δ = − nν2(n−1) to get instead a Ricci potential in
x2ν1 x
8(n−1)
n
+2ν
2 C∞Qb(Wǫ,k) ⊂ x2ν1 x
4(n−1)
n
+2ν
2 C∞Qb(Wǫ,k).
We can then reapply Corollary 5.19, always with τ − 2 = − 4(n−1)
n
, but now with δ = −2 nν2(n−1) , and then
δ = −4 nν2(n−1) , and then δ = −8 nν2(n−1) and so forth until we obtain a Ricci potential in
x2
ℓν
1 x
2ℓ4(n−1)
n
+2ν
2 C∞Qb(Wǫ,k)
with 2ℓν > 4(n−1)
n
so that the Ricci potential decays faster than quadratically at infinity. We can then
apply the continuity method as in the proof of Theorem 6.2 to obtain the desired Calabi-Yau warped QAC-
metric. 
Appendix A. Mapping properties of the scalar Laplacian of an incomplete edge metric
The results presented in this appendix are known to experts, but they did not seem to appear in the
literature in the explicit form that we needed.
Let M be a compact manifold of dimension m with boundary equipped with fibre bundle structure
(A.1) Z // ∂M
̟

Y,
where Y and Z are closed manifolds of dimension b and f respectively. Let r ∈ C∞(M) be a boundary
defining function. On M \ ∂M , we consider an incomplete edge metric gie which near ∂M takes the form
(A.2) gie = dr
2 +̟∗gY + r2κ,
where gY is a metric on Y and κ is a symmetric 2-tensor which restricts to a metric on each fibre of
̟ : ∂M → Y , cf. [26]. We also require that ̟ : ∂M → Y is a Riemannian submersion with respect to the
metrics ̟∗gY + κ and gY . In particular, when we fix y ∈ Y , this induces a cone metric on (0, δ)r ×̟−1(y)
for some δ > 0. Notice that the conformal metric ge :=
gie
r2
is an edge metric in the sense of [24].
Let ∆ie := − div ◦∇ be the Laplacian of gie. Then r2∆ie is an elliptic edge operator, so that the edge
calculus of Mazzeo [24] can be used to determine the mapping properties of ∆ie. Let L
2
ie(M) be the space
of square integrable functions with respect to the volume density of gie. If H
k
e (M) denotes the L
2-Sobolev
space of order k with respect to the edge metric ge, then set also
(A.3) Hkie(M) := r
−m2 Hke (M),
where the factor r−
m
2 is there to ensure that H0ie(M) = L
2
ie(M). Notice however that H
k
ie(M) is not the
natural Sobolev space associated to gie. Indeed, we do use the volume density of gie, but derivatives are
instead measured with respect to the edge metric ge. As explained in [24], besides the principal symbol, we
need to consider two model operators to determine the mapping properties of the edge operator r2∆ie. We
need first to consider its indicial operator, which for fixed y ∈ Y is given by
(A.4) Iy(r
2∆ie) = −
(
r
∂
∂r
)2
− (f −1)r ∂
∂r
+∆κy ,
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where ∆κy is the Laplacian induced by κ on ̟
−1(y). The corresponding indicial family is then given by
(A.5) Iy(r
2∆ie, λ) = −λ2 − (f −1)λ+∆κy .
Since ∆κy has positive spectrum, notice that this family is invertible for 1 − f < λ < 0. One needs also to
consider its normal operator [24, Definition 2.16] defined for y ∈ Y by
(A.6) Ny(r
2∆ie) = −
(
r
∂
∂r
)2
− (f −1)r ∂
∂r
+ r2∆TyY +∆κy ,
where ∆TyY is the Euclidean Laplacian on TyY induced by the metric gY .
Lemma A.1. For a > 3−f2 , the normal operator Ny(r
2∆ie) is injective when acting on the weighted L
2-space
raL2(R+r × TyY ×̟−1(y)) defined in terms of the volume density of the metric
dr2 + gTyY + κy,
where gTyY is the Euclidean metric obtained by restricting gY to TyY .
Proof. We follow the approach of [1, Lemma 5.5]. Since
L2gw (R
+
r × TyY ×̟−1(y)) = r−
f −1
2 L2h(R
+
s × TyY ×̟−1(y))
with h = r2dr2 + gTyY + κy, we can instead look at the conjugated operator
r
f −1
2 Ny(r
2∆ie)r
− f −12 = −
(
r
∂
∂r
)2
+
(
f −1
2
)2
+ r2∆TyY +∆κy
acting on raL2h(R
+
r × TyY × ̟−1(y)). Taking the Fourier transform on TyY and denoting by ξ the dual
variable gives the operator
̂
r
f −1
2 Ny(r2∆ie)r−
f −1
2 = −
(
r
∂
∂r
)2
+
(
f −1
2
)2
+ r2|ξ|2 +∆κy .
Introducing the variables t := r|ξ| and ξ̂ := ξ|ξ| , this can be rewritten as
̂
r
f −1
2 Ny(r2∆ie)r−
f −1
2 = −
(
t
∂
∂t
)2
+
(
f −1
2
)2
+ t2 +∆κy .
To describe the nullspace of this operator, we decompose it in terms of the spectrum of ∆κy . Thus, restricting
to the λ-eigenspace of ∆κy gives
−
(
t
∂
∂t
)2
+
(
f −1
2
)2
+ t2 + λ.
The nullspace of this operator are the solutions to the modified Bessel equation, so is described in terms of
the modified Bessel functions,
AIν(t) +BKν(t), ν =
√
λ+
(
f −1
2
)2
.
The function Iν increases exponentially as tր∞ so we must have A = 0 for solutions to be in
raL2h(R
+
r × TyY ×̟−1(y)).
On the other hand, Kν decreases exponentially as tր∞, whereas as tց 0,
Kν ≍
{
t−|ν|, if ν 6= 0,
log t, if ν = 0.
Thus, to have an injective operator when acting on raL2h(R
+
r × TyY ×̟−1(y)), we need that 2|ν|+ 2a ≥ 2,
that is, a ≥ 1−
√
λ+
(
f−1
2
)2
. Since λ ≥ 0, the result follows.

Proposition A.2. If f > 3, the operator ∆ie is essentially self-adjoint with self-adjoint extension given by
∆ie : r
2H2ie(M)→ L2ie(M).
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Proof. By [26, Lemma 2.2] and the fact that the indicial family (A.5) is invertible for 1 − f < λ < 0, we
see that ∆ie is essentially self-adjoint. On the other hand, since the indicial family (A.5) is invertible for
λ = − f +32 , we know from [13, Theorem 4.2] that the minimal extension is r
2H2ie(M). 
Theorem A.3. For 3−f2 < a <
f +1
2 and ℓ ∈ Z, the operator
(A.7) ∆ie : r
aHℓ+2ie (M)→ ra−2Hℓie(M)
is Fredholm and has discrete spectrum. Moreover, if we assume that the spectrum of the Laplacian ∆κy does
not depend on the choice of Y , then the inverse G is in Ψ−2,He (M) and is such that
G(r2∆ie) = Id−P1, r2∆ieG = Id−P2
with P1 ∈ Ψ−∞,E′(M) and P2 ∈ Ψ−∞,F ′(M) very residual operators, where H, E ′ and F ′ are index families
as described in [24, Theorem 6.1].
Proof. By Lemma A.1, [24, Theorem 6.1]1 and the fact that the indicial family (A.5) is invertible for 1− f <
λ < 0, we know that the map (A.7) is essentially injective, that is, has closed range and finite dimensional
kernel. Since ∆ie is formally self-adjoint with respect to the metric gie, the adjoint of the map (A.7) is
∆ie : r
2−aH−ℓie (M)→ r−aH−ℓ−2ie (M),
which by the same argument is essentially injective. This means that the map (A.7) in in fact Fredholm.
The left and right inverse are then given by [24, Theorem 6.1]. Since raHℓ+2ie (M) is compactly included in
ra−2Hℓie(M), the left inverse Gr
2 is compact, so the spectrum of ∆ie must be discrete. 
Corollary A.4. Assume that the spectrum of ∆κy does not depend on y ∈ Y and that a > 3−f2 . In this
case, if u ∈ raL2ie(M) is such that ∆ieu is polyhomogeneous, then u itself is polyhomogeneous. Similarly, the
eigenfunctions of ∆ie contained in r
aH2ie(M) are polyhomogeneous.
Proof. It suffices to proceed as in [24, Proposition 7.17] using that P2 in Theorem A.3 is very residual. For
the statement about the eigenfunctions, notice that r2(∆ie − λ) has the same principal symbol, the same
indicial operator and the same normal operator as r2∆ie. Hence, the conclusion of Theorem A.3 also holds
for this operator, so elements in the kernel of ∆ie − λ that are in raL2ie(M) must be polyhomogeneous. 
There is also a corresponding statement in terms of edge Ho¨lder spaces, cf. [31].
Corollary A.5. Assume that the spectrum of ∆κy does not depend on y ∈ Y . Then for − f +1 < a < 0,
ℓ ∈ N0 and α ∈ (0, 1), the operator
∆ie : r
aCℓ+2,αe (M)→ ra−2Cℓ,αe (M)
is Fredholm with discrete spectrum, where Cℓ,αe (M) denotes the edge Ho¨lder space of [24].
Proof. This is a consequence of Theorem A.3 and [24, Corollary 5.4]. The change of range of admissible
values of a is related to the fact that there is a natural inclusion raCℓ,αe (M) ⊂ ra+
f +1
2 L2ie(M). 
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